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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of trig- 
onometry he may meet with in the works of the best modern 
mathematicians. With this objectj some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180°, The advantage of introducing 
Buch triangles into astronomical investigations is sufficiently 
shown in the applications made of them in the works of 
Bessel and other German mathematicians ; and especially 
in the Tlworia Motus Corporum CodesUwn of Gauss, who 
was the first to suggest their employment. 

The subject of Finite Differences of triangles, plane and 
spherical, occupies a large space in Cagnoli's treatise, but 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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4 PREPACE. 

Cagnoli's Table has been omitted, while a number of the 
formuUe are much simpler than tlie corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate impoi'tance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re 
lated. W. G. 

V. 8. Hatai Aoabemy, 

Annapolis, Md., May 1, 18G0 



NOTE TO THE FOURTH EDITION. 

Ih this edition, besides a number of minor chiingea, and the c 
typographioiil errors, a very important modification has been made in the solntitin of 
(ie equation ianx := p titn y by series (p, 145), which was given :q former editi na 
in the usual form as stated by all -writers on trigonometry This form -was dis 
cohered to laok generality, and consequently to fail in certain applications, in con 
Bcquenoe of the omission of the arbitrary term nir now introduced Severil subse 
quent investigations, depending on this, have in like manner leen rectified 

M C 

1. S. Naval AoABBMy, April 1, ISoi. 
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PART I. 

PLANE TRieONOMETKY. 



MEASURES OF ANGLES AND ARCS. 



1. Trigonometry is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu- 
tation. 

2. Plane Trigonombtry treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the Bcience not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analym. 

3. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may he constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction, 
and measurement: a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
lines and angles. 

But here also the case is excluded in which the three angles are 
given without a side, because there may bo an indefinite number o*' 
plane triangles, whose angles are equal to the same three given ones, aa 
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10 PLANE THIGONOMETEY. 

ng.1. inFig.!. the trhiighB ABO, A B 0', 

&c. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio of AB to A 
is equal to the ratio of A'B'to A' C, 
' kc. ; 80 that the ratios of the sides to 
each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4, Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains, 

5. The units by which angles are expressed are, the degree, 
minute, and second; distinguished hj the characters ° ' ". 

A degree is an angle equal to jo of ^ right angle ; or a degree is 
sJa of the whole angular space about a point, or -^^s of four right 
I'iK' 2- angles. Thus, Fig. 2, if the angular space about 

is divided into 360 equal parts, of which A OB 
is one, tlien ^ OS is one degree. The right angle 
1 will be expressed by 00° ; two right angles by 
180°, and the whole angular space about a point 
by 360°. 

A minute is an angle equal to ^ of a degree. 
Therefore, 1° = 60' ; and a right angle = 90 x 60' = 5400'. 

A second is an angle equal to ^g of a minute. Therefore, 1' = 
60": 1° = 60x60" = 3600"; and a right angle = 00 x 60 x 60" 
-=324000". 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, &c., marked '" " ', &c. ; a third being g\i of a second ; 
a fourth, ^jj of a third ; &c. But the more convenient method is to 
express them aa decimal parts of a second ; thus 4 of a right angle 
will be either 

12° 51' 25" 42'" 51", &c. 
or more conveniently 

12° 51' 25".714, &c. 

6. The aboTe division of angles is called saagedmal, from the divisor GO eaiployea 
m the subdivision of the degree. The centesimal division, however, would be prefer- 
able in all cases, but cannot now be {renerally introduced ivithoat, at the same time, 
clian^ng the arrangement of all our tables, tLe graduation of astronomical and 
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IS been made in France, 
□ nliich it is employed 



Dtter instrumeiits, chai'ts, 
and seTeral atandacd worl 
througliQut. 

In the centesimal or French division, tiie right angle is divided into 100 degrees, 
the degree inta 100 minutes ; the minute into 100 seoonda, &a. The reduction of 
these denominationB from one to tlie other requires only a change in the position 
of the decimal point ; thus, in this system 60= 76' 84"-8 ia the same as 607584"-& 
or 60=-75848 or C'eOTSSiS, the symbol q denoting a quadrant or right angle. 

Ti consert ceitiesmal into sexagesimal degree!, since 100" dec. = 90° sei. deduit on« 
lentk from the number of centesimal degrees. 



EiAMPLE. Eequired the number of : 
8G°-4T48 
Deduct jij = 8 -54743 



;i. degree 



n 85= 47' 43" dec 



86"-TS2 

or 76° 55' 36"'732 sesagesimaL 

To convert lexogesimal itUo centesimal degrees, since we must talie '^ of the sei., 
divide by 9 and move the decimal point one place to the right. 

ExABTPLE. Required the number of oenteaimal degrees in 76° S5' 3(i"'732 ses. 

Reducing the minutes ami seconds to the decimal of a degree, tre have 
7G°-92687 sex. 

y> of which is 85° 4743 cant. 

or 85° 47' 48" centesimal. 

To distinguish Uie degrees of the centesimal from those of the sexagesimal divi' 
Mon, the former are frequently called grades, and are denoted by the character < 
instead of " ; thus the preceding angle wonld be 85* 47' 43". 



MeA! 



i OP Ahcs. 



7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intereepted between their sides, these 
arcs may he taken as the measures of the angles, and we may express 
both the arc and the angle by the number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the ares which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
jJo of the circumference, whatever the radius of the circle may be : 
and we obtain the same numerical expression of Kg. 3. 

an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle A A', Fig. 3, and its measure, the 
[[uadrant A A', are therefore both express 
90°; the semicircumference by 180°, and the 
vhole circumference by 360°. 

8 The. radius of the circle employed in measuring aiij'les is then 
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12 PLANE TRIGONOMETRy. 

arliitrarj, diiil ive mxj assume foi it such a \alue ■!=! will most Sim 
plify oui I, ilculationa Thib vilue is unity , that is, the Ime-ir unit 
employed in expressing the sides of our tiianglea, or other lines 
considered 'ihis \alue will be geneialiy used tliiougliout this 
treatise. 

9. To find thi. hnjth of an ax. of a (jiitn numle} of dtjnes, 
minutes, S.c 

The eemi ciicumference of i circle whose ladius is unity lo known 
to be 8-14159265, or, the radius being B, the semi-cn Lumference 
IS 3-14159265 is. Hence 

WheniJ = l 
Arc 180° = 3-14159265iJ =3-14159265 

" 1° =0.017453293ii =0-017453293 
» V =0-0002908882B =0-0002908882 
» V' =0-000004848137^ ==0-000004848137 
An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formula; 

Arc a: = 0-017453293 3^° 
= 0-0002908882^' 
= 0-000004848137 a:". 
As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 
Are X = [8-2418774] x° 
= [6.4637261>' 
= [4-6855749] x" 
m which the rectangular brackets are used to express that the logar- 
ithm of the factor is given instead of the factor itself. 

Example. What is the length of the arc a; = 38° 17' 48", the 
tadiua being ^1. 

38° 17' 48" =137868'' log. 5-1394635 

Log. factor for seconds 4-6855749 



a: = 0-6684031 log. a; 9-8250384 

10. To find the number of degrees, ^c. in an arc equal to the 
radius. 

We have, from the preceding article, 



* TLfl logiirithms in the esiimples of lliis work will be taken from Stanley's Tables, 
{published in New Havcu, by Durrie ami Peok,) tlie best tables of seyen-figurft 
logarithms yet published in this nountry. 
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MEASURES OP ARCS, 13 

= 3437'-74677 =206264 -806 

11. The angle at the center measured by on arc equal to the rodiiia, ie often 
taken as the unit of angular measure, as thia angle will be of an invariable magni- 
tude, wfaateyer ia the length of tlie radius. If r is the number of such units in a 
given angle, the number of degrees, &c-, in it wOl be found by mnltipljing by th» 
Falue of the radius in degrees, &e., found in the preceding article. Thus, 
x° = xR'- = 67''-2957795 1 = [1-7581226] i 
X' =xR- =8487''74677i = [8'5802739]i 
x" = xR' =. 206264" -800 x = [5'3144251] 3 
Reoiprooaliy, the angle being given in degrees, &o., we reduce it to the unit ra- 
dius, by dividing by B?, R', or R', thus, 

vrhieh is eriiiontly the same as multiplying by the factors of Art. 0. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which measures the angle in tlie circle whose radius is unity 
Hence, an angle tliua expressed is said to be given in an. If we put (as is usual) 

w = 3-14159265 ■ ■ ■ 
«■ is the circular measure of two right angles, or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ a- to denote an 
angular magnitude of 180° ; — a right angle ; 2 ^ four right angles, &o. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90°. 

The supplement of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 30° is 60° ; the supplement of 30° la 
150°. 

Two angles or arcs are complements of each other when their 
sum is 90°, They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an aro 
that exceeds 90° is negative. Thus the complement of 120° is 
90°- -120° = — 30°. In like manner the supplement of 200° u 
180'^ -200° = -20°. 
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CHAPTER II. 

SINES, TAKGENTS, AND SECANTS. FUNDAMENTAL FORMULA. 

14. Havin& expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
K«. i- that of right triangles. Let us therefore 

consider a series of right triangles, ABC, 
AB'C, AB"0", &c., Fig. 4, which have 
a common angle A. The angles at B, 
B', B", being also equal, the triangles are 
eirailar; and by geometry 
BO:AB = B'O' : AB' = B"0" : AB" 
or by the definitions of ratio and proportion, 

BO __ B^_ By"_ 
AB~AB'~' AB" 
In like manner it follows that 



^y\ 



BO B'C _B"C" 
AQ^ AG' AG" 

, AB AB' AB" 

"^^ AG^AO'^Am 

Hence it appears that the ratios of the sides to each, other are the 
tame in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angle alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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SINES, Tangents, and sECANia. 

Thus, in the right triangle ABO, Fig. 5, "k-"' 

I we designate the sides by the small letters 
a, 6, c, wo shall have, (whatever the absolitte 
length of the sides) 

, a ■ r> & 
sm A = —f sm B = — 

16. The TANGENT of the angle is the quotient of the opposite side 
divided hy the adjacent side. 

Thus tan A = -, tan j5 = - 

b a 

17. The SECANT of the angle is the quotient of the hypotenuse 
divided by the adjacent aide. 

Thus see A = -r) sec i? = — 

a 

18. The COSINE, cotanoent, and cosecant of an angle, are re- 
spectively the SINE, XAJSOENT, and secant of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, by Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 



(1) 



19. Since— is the reciprocal of — , it follows from the first and 
a e 

last of these equations, that the sine and cosecant of the same angle 
are reciprocals ; and from the other equations, also, that the cosine 
and secant, the tangent and cotangent are reciprocals. That is, 



™^- cosii-^ 


CosA=sin5 = i 


tan A= cot iJ = -^ 




cot J. = tan £ = - 


sec A = cosec B = -^ 


cosec ^ = sec -B = - 



cosec ^ 




coseo^ = ^ 




sec J. 




cos A 




tan A = — — 
cot^ 




tan^ 




riefiy, 

in ^ cosec ^ = cos J. 


sec 


A = tan A cot A = 


= 1 
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PLANE TRIGONOMETET. 



, &,C. OF ARCa. 




20. The sine, tangent, and secant of 
an arc are respectively the sine, tangent, 
and secant of the angle at the center 
measured hy that are. Thus, Fig, 6, 



nAB: 



BQ 
-..inAOB = - 



The sine of an arc, therefore, does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (3) are also 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB, or angle AOB, by x, we have, when OA 
■= OB = 1, 

BO BO 

8in2; = -^ = 



= B0 



AT AT 



■■AT 



and from the arc A'B = 



■■ 90° — a; we find in the same way 
cosa: = -BZ>=0(7 
cot x = A'T' 



:t=OT' 



3 unity, tlie sine of an ard 
y that arc, is the perpen- 
I upon the diameter 



Therefore, in the circle whose radius it 
or of the angle at the center measured h 
dicular let fall from one extremity of t 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arc, which is intercepted between that extremity and 
the diameter (produced) pasting through the other extremity. 

The secant is that part of the produced diameter which is inter- 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In & circle of any other radiua than unity, the trigonometric 
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FUNDAMENTAL FOEMULE. 17 

fimetiona of an arc will be equal to tlie lines drawn as above, divided 
by that radius. 

Tlie properties here stated have heretofore been used by most 
writers upon trigonometry as liefinitions, but without limiting the ra- 
dius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names. 

22. Besidea the functions aJready defined, others hare been oocaaionaUy employed 
to facilitate partieular calculations, us the versed sine, tvliich in the circle is the 
portion of th.e dlamctar intercepted between the estremitj of the ai-o and tlie foot 
of the sine ; thus. Fig. 6, the Teraed sine ol ABisA 0, or the cailiiis hoing = 1, 

by meana of -nhich formula we may alwnya substitute yersed ainea for ccainea, and 
reolipocllj. 

The couerseiJ tins (oovers.) ia the voracd sine of the complement, and suversed sine 
(suvera.) ia the veraed sine of the aupplement. 

The chords of area lava also been uaed, and may be substituted for aincs by ths 
foraula 

oh:t=2smj5; (3) 

wHchia etident from Fig. 6, where if the arc ISS'^i, we h.ivc cliord B B' =, 
2BC = 2smAB. 

23. From what has now beeo stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comprehensive 
term trigonometric functions." It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations of trigonometry 
arc carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formula and methods by which 
these tables are rendered available. 

FirSDAMENTAL FoRMULffl. 

24. Qiv&n the sine of an angle, to find the cosine. 
From the right triangle ABO, Fig, 7, we 

have by geometry a^ -\-'b^ = e^ 
Dividing h-^ c% this equation " 



e properties eiplained in Art. 21 
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or, by the definitions of sine and cosine (1), 

sin= A + cos^ A=l (6j 

in wliicli tlie notation sin' A signifies " the square of the sine of A." 
From this formula, if the sine is given, we find 

cos^ A = l~- sin^A = (1 + sin ji) {1 — sin A) 
cos ^ = ^/ (1 - sin^ A) = ^ [{1 + sin A) (1 - sin A)'] (T) 
and if the cosine is given, we find 

BmA = s/{l- cos' A) = ^ [(1 + cos A) (1 — cos J.)] (B) 
25. Given the sine and cosine of an angle, to find the tangent. 
Ej (1) we have 



tan ^ = -r 







sin J, a 


h 


a 


cosJ. c ' 


c 


b 



therefore tan A = (9) 

cos A ^ ' 

And since the cotangent is the reciprocal of the tangent, 

cot^ = ^^ (10) 

sin ^ '' ' 

26. Given the tangent of an angle, to find the secant. 

The right triangle ABO, Fig. 7, gives 

c^ = 6' + a' 

Dividing by h% this becomes 

7^ = 1+-^ 
m, by the definitions of secant and tangent (1), 

sec'jl = 1 + tan' J. (11; 

This formula applied to the complement of A gives 

cosec"^ J. = 1 + cot' J. (12) 

..^'*'*- 27. The preceding formula; are also 

'' directly obtained from Fig. 8. If the 
angle A OB, or the arc AB, be denoted 
by X, the right triangle OBO, gives 

BO^ + OC^ = 0& 

or remembering that the radius is unity, 
by Art. 21, 
in^ X + cos= x = l (18) 
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The triangle fSC gives by the definition, Art. 16, 

tan AOB = -rr-^ 

sin 3: „ ,. 

r tan x = -— — {14) 

Since the angle BCD is the complement of BOO, tan BOD =• 

Ota:, and the triangle SOi> gives 

BI>_00 

"J3D~ BO 

cos X ,, „ 

01 cot X = — — (15) 

sin K *■ ' 

In a similar manner the triangles AOT, A' OT' give 

sec'^ a: = 1 + tan^ x (16) 

cosec^a: =1 + 00^2! (17) 

28. Tbe following equations are easily demonstrated by combiniug (13), (14), 
(15), (16), (17), and employing the property of the reciprocala (2). They are of 
frequent use. 



._^(l— ..•«), o» — •(l-sl.-i) (20) 

"-•(I + l-'A ~.«_^(l + .ol',) (21) 

• _>/(..o.— 1), coli = ^(oo,«-,-l) (22) 

(28) 

(24) 
(25) 

- ^(l-..-.) -^lEV— (^'i 

29. Tofnd the tine, fe. of 30° and 60°. 

In Fig. 8, let the arc AB - 30°, und BB' - 2 ^B - 60°. Bj 
Art. 21, sin AB = BO, and bj geometry tire cliord of 60°, or of one- 
Eixtli of tile circumference, is equal to tho radina = 1 ; therefore 

2sin30°-2S(7-B£'-l 
whence 



•(l+ta, 

cot I 


'•■) >/(l + o.f.) 

1 


V(i+«« 


'••) v/(l + t».'.) 


^(1— » 


^(l-siu'^) 



(27) 
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20 PLANE TRIGONOMETBT. 

»nd by (7) 

co!,30° = ^[(l + })(l-J)] = ^(SXi) 
whence cos 30° = ^ x/ 3 = sin 60° 

Ihen, by (9) and (2), 

sin 30° i 1 



tan 30° 



cos 30° i-x/3 v'S 



1 
.nSO° 



= 2 = sec 60° 



(28) 

(29) 
(30) 
(31) 

(32) 

30. To find the sine, ^c. 0/45° Since 45° is the complement of 
45°, we have 

sin 45° = cos 45° 
whence by (13), putting x = 45°, 

sin= 45° + cos^ 45° = 2 sin^ 45° = 2 cos^ 45° = 1 
sin^ 45° = coa^ 45° = ^ 
sin 45° = cos 45° = v* J = | \/ 2 (33) 

sin 45° 

-imir^-v'S (35) 

These values are readily verified in the circle, 
Fig. 9, where OATA' is a square described upon 
the radius. The diagonal OT bisects the right 
angle, whence -402' = 45°, and tan 45°=J.2' 
= OJ. = 1 ; cot 45° = ^' r == 1 ; sin 45° = BQ 
= 0(7 = 003 45°, &c. 

31. The Bines and cosines of two angles being given, to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
ence of those angles. 

Let the two angles he A OB 
and £0 0, Figs. 10 and 11. 
At any point B in the line 
O^draw^Cperp. to OB. 
Draw BA and OJ) perp. to 
OA, and B E perp. to 'CI>. 



tan45° = cot45° 
sec 45° = cosec45° 
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Then the triangles B G E and B OA&re mutually equiangular, 
the three sides of the one being perp, to the three sides of the other 
respectively; therefore the angle B B= A OB. 

Let 

Then, Eig. 10, 
Fig. 11, 
and in 

Fig. 10, sin (a; + ?/) = 



x-=AOB-=BOE 
y-BOa 




x+g-OOB 
x-y=COB 




CD BA + OB BA 
-C0~ 00 "00 + 


CB 
00 


CB BA-OE BA 
00 00 00 


OM 


BA BO . 




OB CB 





Fig. 11, Bin (as -y). 
and in botli figures 

BA_ 
CO " 
OB 

co—ob'^co-'"'"'"''^ 

which being substituted in the above expressions of sin {x + y) and 
Bin {x — y) give 

sin {x-\- y) = sin xcoay + cos a; sin y (36) 

sin {x~ y)^ sin xcosy — cos x sin y (37) 

Again in 

^. ,„ , , 0J> OA-EB OA EB 

Fig.lO, cos(^ + 2/)=^ = — ^^r- = eW-0(7 
OA ^ 
'OC^ 00 



Pig. 


11. 


cos {x — 


<J)- 


OB 0. 


A + EB 




00 = - 


00 


■ 


mdin 


boft 


figures, 














OA 
00" 


OA 
"OB 


OB 
" 00 


eoaxansy 






BB 
00 


EB 

= Bd 


BC 

^ oa~ 


:Bin;rsin 


■y 



therefore 

COB (a: + ^) = cos xaoEy — sin x sin y (38) 

003(3;— ^)== cos a: cosy + smx5va.y (39) 

and (36), (37), (38), and (39) are the required formula. 

These may be considered as the fundamental formulas of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to ares represented by x and 
y (Art. 20). 
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CHAPTER III. 

TBiaONOMETEIO FUNCTIONS OF ANGULAR MAGNITUDE IN CEKERAi.. 

82. The definitions of sine, &c. given in the preceding chaptci 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But wo shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

rig. 13. If, Fig. 12, we suppose the line OA to revolve 

from the position OA to OA' in the direction of 
the arc AA' (or from right to left), it will describe 
i an angular magnitude of 90° ; when it arrives at 
OA" it will have described an angular magnitude 
of 180° ; at OA'", 270° ; and at OA again, 360°. 
If it now continue its revolution, when it arrives 
at OA' again, it will have described an angular magnitude of 
360° -1- 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
las established in the preceding chapter ; first deducing their values 
andytically, and then explaining their geometrical signification. 

33. To find the sine, ^c. of 0° and 90°. In (§7) and (39) 
let X = y; the first members become sin [x — x) '= sin 0°, and 
COS {x — x) = cos 0° ; and by (13) they are reduced to 
sinO° = sin a: cos a; — cos a: sin a; = 
cos 0° = cos' X + sin^ x =1 

and since 0° and 90° are complements of each other. Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° = sin 90° = 1 (41) 

from which by (9) and (2) 

tan 0° = cot 90° = ^^-^ = j- = (^2; 
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COtO° 


- ton 90° 


1 

tan 0° 


1 


secO" 


- cosec 90° 


1 

COS 0° 


4- 


.seo 0° 


= Bee 90° 


1 
.;„ no 


_i 



(43) 
(44) 

(45) 

34. To fnd the line, fe. »/ 180°. In (36) nnd (38) let 
x = p = 90° ; these equations become by means of the preceding 
values 

sin 180° -1x0 + 0x1-0 (46) 

cos 180° -0x0-lxl = -l (47) 

whence by (9) and (2) 

tanl80» = — J--0 cotl80° = j- -oo (48) 

sec 180° - — 1 cosec 180° = j = » (49) 

35. To find the sine, ^c. of 270°. In (36) and ■ (38) let 
X —180°, y — 90°, then 

Bin270°-Ox0+(-l)xl = -l (50) 

cos270°=(-l)xO-Oxl-0 (51) 

tan 270° -^j: oo cot 270° = — =0 (62) 



sec 270°- j--<» cosec 270° = —^ = - 1 (531 

36. To find the sine, ^B. of 360°. In (36) and (33) let 
a; = 3, = 180°; then 

sin360» = 0x(-l) + (-l)x0-0 (54) 

cos360°-(-l)x(-l)-0 xO = l (55) 

the same values as for 0°, whence it follows that all the trig. fuDO 
tioos of 360° are the same as those of 0°. 

The same process continued will give for 450° ( => 360° + 90°), 
the same trig, functions as those of 90° ; for 540° the same functions 
as for 180°, &c. 
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24 PLANE TRIGONOMETEr 

37. The preceding values now furnish us at once with the values 
of tho functions for all possible values of the angle. In (36) and 
(38) let X = 0°, they are reduced to 

sin y = sin 0° cos ^ + cos 0° sin i/ = sin j/ 

cos 1/ = cos 0° cos^ ~ sin 0° sin ^ = cos y 

which are simply identical equations, and reveal no new pro[jerty. 

But if in (37) and (39) we put x = 0°, we have, after sulistitnting 

the functions of 0°, 

sin ( — ^) = — sin 1/ cos ( — y) = cos y (56) 

whence by (9) and (2) 

taB(-^)=t^{^ = ^ = -*-^ "^^ 

coi{~.j) = ''^j^ =^n^ = - cot^ (58) 

^ '" sin(— v/) -sm^ 

sec ( — ?/} = - — -T— — s = = sec i/ (59) 

■^ '" cos { — I/) cody ^ ^ 

cosec { — y)= ^—, -=^—. — = — cosec j/ (60) 

^ ^1 sin ( — 2/) — am 2^ " ^ ' 

or, the sin., tan., cot., and eosee. of the negative of an angle are the 
negative of the sin., tan., cot., and cosec. of the angle itself; and the 
COS. and sec. are the same as those of the angle itself. 

38. In (37) and (39) let x=90° ; we find after reduction 

sin (90° —y) = cosy cos (90° — ^) = Buiy 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90°, we find 

sin (90° +y) = cos y, cos (90° +y) = —amy (61) 
whence by (9) and (2), 

tan (90° +y) = — coty cot (90° +«/) = — tan y (62) 

sec (90° +y) = — cosec y cosec (90° + y) = sec y (63) 
or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90° / and the cos., tan., col., and ses. are 
eijual to the negatives of the sin., cot., tan., and cosec. of the excess 
(f the angle above 90°. 



y Google 



FUNCTIONS OF ANGULAR MAGNITUDE. 26 

69. In (3T) and (39) let x = 180° ; we find 

ein (180° —y) = sin y cos (180° — ?/) = ~ cos y (64^ 

tan (180° ~ y) = ~ tan y cot (ISO^ — ?/) = — cot j/ (63) 

sec (180° — !/) = — sec 1/ cosec (180° —y) = coaec y (66' 

or, the gin, and cosec. of the supplement of an angle are the same as 

these of the angle itself; and the cos., tan., cot., and sec. are the 

negative of those of the angle itself. 

40. If y ia acute (that is, less than 90°), all its trig, functions are 
positive ; and sineo its supplement 180° — 3' is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin. and 
ccseo. of an obtuse angle are positive, while its cos., tan., eot., and 
asc. are negative. 

41. In (36) and (38) let x = 180° ; we find 

sin (180° + y) = — sin J/ cos (180° + 3^) = — eos^ (67) 

tan (180° + J') = tan 1/ eot (180° + y) = cot y (68) 

see (180° + ^) = — see ^ cosec (180° + «/)= — cosec!/ (69) 

by means of which, if g ia acute, we obtain the values of the sines, 

&c. of angles between 180° and 270°. 

42. In (37) and (39) let a> = 270° ; we find 

Bin(270° ~y) = — co8^/ cos (270° - ?/) : sin?/ (70) 

tan (270° — g) = cot ij cot (270° ~ y) = tan if (71) 

sec (270° — */) = — cosec J/ cosec (270° —g) = — secy (72) 

43. In (36) and (38) let x-^ 270° ; we find 

sin (270° 4- ?/) = - cosj/ cos (270° + y) = sin ?/ (73) 

tan (270° +!/) = — cot y cot (270° + )/) = — tani/ (74) 

Bee (270° + y) = coaec y cosec (270° + g) = —SGcg (75) 

44. In (37) and (39) let x =■ 360° ; we find 

sin (360° —g) = — siny cos (3G0° ~ g) = cosy (76) 

tan (360° ~g) = -tmg cot (360° --g) = -cot,g (77) 

sec (360° ~g) = sec g cosec (360° - g) =- cosecj^ (78; 

or the functions of 360° — g are the same as those of — y (Art, 37) 

45. In (36) and (38) let x = 360° ; we find 

sin (360° -f y) = sin g cos (360° + g) = cos g (79' 

9r, the functions of an angle which exceeds 360° are the same at 
those of the excess above 360°. 
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(80) 



It follows that the functions of 720° + y are the same aa those 
of 360*^ + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 360°. 

46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 3T, 

sin (7/ - 90°) = — sin (90° — ?/)■=- cos ?/ 

cos (y — 90°) = cos (90° ~ y) = sin y 
whence also tan., &e. ; and in the same manner we may find the func- 
tions of )/ — 180°, y — 270°, y — 360°, ka. 

47. Wo shall now give the geometrical interpretation of the pre- 
ceding results. 

^''^■^^- In Pig. IS, let the radius revolve from the 

position OA to OA', OA", &c., as in Art. 32, 
thus describing a continuously increasing an- 
gular magnitude; or, which is erjuivalent, let 
the arc commencing at A increase continuous- 
ly to AB, AA', AB', &c. Then the changes 
in the values of the several trigonometric lines 
may be traced as follows. 
Ist. TAe szHfi being, by Art. 21, the perpendicular from one extre- 
mity of tlie arc upon the diameter drawn through the other extremity, 
we shall have sin AB = BC, sin AB' = B' C", sin A A" B" = B" C, 
sin AA!' B'" = B"'Q, and if we make 



B 



AB = A!'B' = A:'B" = AB'" = 



we have 



sin ^ ^ BQ 
sin (180° ~y) = B' 0' 
sin (180° +y) = B" 6" 
sin(360°-2/) = £"'C 
The lines BO, B' 0', B" C", B'" 0, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulae enable ua to distinguish between 
ihem by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (180° — ^) = sin y 

Bin(180°-t-y)= — siny 

sin (360° — y) = — miy 
BO that the sines from 0° to 180° are positive, while those from 180° 
to 360° are negative ; or the sines which are above the diameter 
A A" are positive, while those which are ielow this diameter are 
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negative ; or atiii more generally, the sines that ba^ 

rections, with reference to the fixed diameter from which they are 

measared, have opposite signs. 

2<i. The cosine being, by Art. 21, the distance from the center bo 
the foot of the sine, we have 

Qoay — 00 

co8(180°-^) = OC" 

cos (180° +y) = OC" 

cos(360='-!/) = OO' 
but by (64), (67), (76), 

cos (180° — ^) = — cosy 

cos (180° + »/) = — cogs' 

cos (360° — y) = cos y 

BO that the cosines on the right of the diameter A' A'" are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite directions, with reference to the diameter 
from which they are measured, have opposite signs. 

We have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that all lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards £'", or in th(* 
opposite direction to that of the positive arc, so that 

sin AB"' = &m{~f/) = B'" =- BO = — smy 
cos AB' = cos ( — 1/) = 00= cos y 
as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is alst 
expressed hj Fig. 13. 



Sine 

CCSINB 


1st Quad. 


2d Quad. 


3d Quad. 


4th Quad. 


+ 
+ 


+ 


- 


+ 
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48. The particular values of the Bine and 
cosine at A, A!, A", &c., or sin. and cos. of 
0°, 90°, 180°, &c., may also be found bj 
Fig. 18, upon the same principles ; but this 
we leave to the student. 

49. General Eemark. — In the demon- 
strati .m of the fundamental formulfe for 
sin {x±:y), and cos {x^y), Art. 31, the 
angles x, y and x±y were all taken less than 90° and positive. 
In this chapter these formulas Lave been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them take opposite direc- 
tions. It follows that, in deducing trigonometric formulis from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of tlie various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 

60. The reeiilta of this chapter maj be eipressed 'by a few general formulte. 
From (79) it appears that all the trigonomotrio funotions return to the same Toluea 
after one or more complete revolutions of 300". If we represent the semi-ciroum- 
feronne, ortworiglit angles, by 3-(Art. 11), and let n = any whole number or zero, 
we shall have 



nin 



,sin^ = l 



(81) 



sin(4«+l)- = 
Bin(4«+2)|.= 
sin(4«+S)5 = 



:.3(4«+l)- = (82) 

)3(ln-|.2)|: = -l (83) 

's(i" + 3) j = (84) 



n(4n + 2)|- = 



n {4 « + 1) - = X. 



IT tlie tan. of the even multiples ^.f-^ = 0, and of the odd multiples =[/), so that 
re may write more simply 

an2«;._0 ta(2» + l)J_oo (85) 
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In thege forranis we have only to give n one of tlie yolues 0, I, 2, S, 4, &o., 
obtain tlie functions of any given multiple of the right angle. Thua, we fii 

wciDO" = Bin 5 .|- = sin [4 + 1) ^ = I bj making n = I, in (82). 

Since the subtraction of 8 n — from, the are will not change tlio funotiona, ti 

above fornmliB are also true when ti is a negative whole number. 
61. In a similar mannei; we obtain 



■i[(4»+3)|-+y 



• [(«.+l)f + 



-d-S (85) 
= -col!((90) 



In which n may be anj whole number, positive oi negative, and y anj angle, poaitive 
or negative. 

52. A still more oonolae form may be given to the formula) of the two preceding 
Bitielea, aa foilowa : n being, as before, any whole number, positive or negative. 



n2n4 = 



•2»3--=( 



.1)- 



(91) 



.in(2.+ l) J_(-I)- co.(2,+ l)f_0 (92) 

sin[2»-J + j] = (-l)-siu!, eos[2» J + s]=(-I)-co.y (93) 

■ta[(2ii4.1)|.+!.]-(-I)-oosj coa[(2»f]) J + y]_-;-l)-ain, (9«) 

Hid from these (85) and (90) may be directly deduoetl. 

53. We have seen that an angle being giTen, there ia but one corresponding sine. 
On the other hand, a sine being glyen, tiere is an indefinite number of angles oor- 
responding ; for if a denote the given sine, and y any oorresp ending angle, then a in 
also tie sine of all the angles 

!r — y, 2!T + y, Sjr — y, to. 

— TT — y, — 2 !r + y, — 3 w — V, &o. 



n general 



si«,_aln[t.w+(-l]-5] 
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In 1ik< mnnner if a ia a given cosine, and y any correBponding angle, 

._t«.!/ = co.(2.r±j.) (96) 

tnd iF d ia a given tangent correapoodiag to the angle y, 

a=.U>.ny = t^{n^-^y) (97; 

SiHE AND TaSGBNT Oi" A SMALL AnQLB OR ArO. 

54. ■When the angle AOB = x, Yig. 14, la 
very small, the sine and tangent are verij nearly 
equal to the arc A B, which measures the angle, 
i the radius being unity ; and the cosine and secant 
are nearly equal to 0A=1 (Art. 21). There- 
fore, to find the sine or tangent of a very small 
angle approximately/, we have only to find the 
ength of the arc by Art. 9 ; thus 

sin 1" = arc 1" = 0-000004848137 
log. sin 1" = 4-6855T49 
and X being a small angle, or arc, expressed in seconds, 

sin X = tan a: = a: sin 1" (98) 

If X is expressed in minutes, 

sin X = tan a; = a: sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin X = tan x = x (1^^) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It ia 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

65. If X and y are any two email angles, it follows from the pre- 
ceding article that 

sin a; : sin ^ = a; sin 1" : y &TaV' =^ x : y 
that is, ihe sines {or tangerf^ of small angles are proportional to tJia 
angles themselves. The aM|ication of this theorem, however, liko 
that of the preceding, musTdepend upon the accuracy required in 
the problem in which it is employed.* 

* For a full discussion of the limits under which this theorem may be eniploycii, 
gee a paper, by the author of this worls, in the ABtronomioal Journal, (Cambridge. 
Mms ) Vol i. p. 84. 
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r^Q. We have already obtained four fundamental equations, (36), 
(37), (38), and (39), involving two angles, x and i/. From these we 
Bhall now deduce a number of formulae, either required in the sub- 
sequent parts of this work, or of general utility in the applicationa 
of trigonometry. 

57. The soim and difference of the equations (36) and (37) are 

sin ix-i-i,) + sin {x-y) = 2 sin x cos y (101) 

sin (x + 1/) — sin (a; — y) = 2 cos x sin y (^^2) 
and the sum and difference of (38) and (39) are 

cos (a; + y) + cos (x — .^) = 2 cos x cos t/ (1^^) 

cos {x + i/'\~ cos {x — y) = — 2 sin a: sin y C^*^) 

58. If we put 

X + y = -3^ 

^ — y = y' 

whence Zx = x' -\-y', x = i{x' -\- y') 

2y = x'--y', y = l{x'-y') 
equation (101) will become 

sin 3^ + sin !/' = 2 sin \ [x' + y') cos ^ [x' -~ y') 
and (102), (103), and (104) admit of a similar transformation. But 
since a^ and y' admit of all varieties of value, we may omit the 
accents and apply the formulie to any two angles x and y; we have 
thus 

sin X + f\ap = 'Zs\D.^{x + y) cos \{x — y) {^^^) 

sin a; — sin !/ = 2 cos ^ (a; + y) sin ^{^ — y) (106| 

cos a; + cos y — 2 cos J (a; + y) cos ^{x~y) (1^'^) 

cos X - cos y = — 2sm^[x -^ y) sin ^ [x ~ y) {^^^) 

Kach of these equations may be enunciated as a theorem ; thus 
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32 TLARE TRIGONOMETRY 

(105) exnresses that "the sum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formulEe are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product, 

69. Dividing (105) by (106), we have by (14) and (15) 

sin a: + sin 1/ ■ ,/,%.. i / » 

sin.-sin^ ^^^"H^ + y)cotM^-^) 

or by (2) 

s inar + siny _ tan^(j;+y ) .^^^^ 

sin a: — sin?/ ta,n^(x — ^) ^ 

and from (10*7) and (108) we find in the same manner 



cos a: + cos J/ 
We find also 

sin a; + siny 
oosx + cost/ 



cos a: + cosy 
sin a: + siny 



= Uai{x + s) 


(111) 


= imi{x-!/) 


(U2) 


^— cot|(a: — y) 


(113) 


= - col i (»+</) 


(HI) 



cos 37 -cos?/ ^^ ^' 




(HI) 


60. Divide tlie eqmtions (36), (37), (38) and 
Aen by (14) m li.vo 


(39) by COE 


iicosjr; 


sin h + v) 

^ --' = tan a; + tan y 

cos a; cos y ^ * 




(1161 


isfef-'"'""'"^' 




(116) 


cos (x + v) ^ 

^ ^ = 1 — tan a: tan w 

cosaicosj/ ^ 




(117) 


COS (x — y) 

^ -' = 1 + tan a; tan w 

coBa^cos^ ^ ^ 




(118) 
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GENERAL FORMULA. 



61. Divide (36), (37), (38) and (39) by sin a: sin ^; and by ein a: 
SOS y; then 

sin {x ± i/) 



C09 {x ± t/) 
sin X sin «/ 

sin {x zb ;/) 
sin X cos ji 

cos (a; ± y) 



/ = cot ?/ ± cot X (119) 

= cota;coti/:Fl (ISO") 

= 1 ± cot a: tan 7/ (121) 

= cot a: q:; tan J/ (122j 



Sina:i 

62. Divide (115) by (117), and (116) by (118) ; then by (14) 

. tan 3; + tan 2/ ,^(,„, 

tan (a; + y) = ij — -^ (123) 

\ ''' 1 — tan^tany ^ ' 

, , tana: — tan y /-.mi 

by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

, , , cotj/oota^Tl /ioE\ 

cot (a; ± w) = — ^ — ; — ^^^^— (125) 

^ "' cotyicota; '^ ' 

63. Dividing (115) hj (116), and (117) by (llSj, (or from the 
conations of Art. 61), we have 



sin (3; + ^) tan a: + tan?/ cot^ + cota; 
sin (x — ^) ~ tan x — tan p ~ co%y~ cot x 

cos (a; + y) 1 — tan x tan y cot a: coty— 1 
cos(a:— ^) l + tan3:tan5/ zoixoty -\-\ 



and multiplying mimerator and denominator by £ 



(126) 
(127) 

' of (2) , 



"(■ij)-,-— 
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tind by (107) and (108) 



1 ^ 1 _cosyd 



,sH'^+y)co3}(^-!/) 



+ see J, = ^ «°» S l^ -I- g; ''"^ g ^^ — g; fi29) 



2 smj ('' + ?/) si" i(=^-y) 



m (105) and (lOG) 



(ISO. 



- ■' sm I Sin y '■ -■ 

These formulaa, although generally omitted in treatises on trigonometry, \nll be 
found useful in a subsequent part of this worli. 

65. The product of (36) and (37), and of (38) and (39), are 

Bm{x + p)sm{x—^j) = ein^ a: cos> — co8^ a; BiaV 
cos (a: + y) COS {x~^) — cos' a: cos'y — sin' a; Bin's' 

!Bj (13) we have coa^ x = 1 ~ sin' x and cos^ ^ = 1 — sin' ^, 
which substituted in the preceding equations, give 

sin (x +y) sin {x — i/) = sin' a; — sin^^ = costs' — cos'' a: (133) 
cos(a: + J/)cos(a; — ^) = cos^a; — sin=7/ = cos'^ — sin^a; (134) 

66. In (36), (38) and (123), let y = ^, we find 

sin 2 ai = 2 sin ai cos x 0-^^) 

cos 2 a: = cos' X — sin' x 0-^^) 

2 tan X „ „„, 

tan 2 a.' = - ^ , (IST) 

1 — tan' X ^ ' 

by -which the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole angle, we have, from (13) and (136), 

eos' X + sin' a: = 1 
cos' X — sin' X = cos 2 x 
the Biom and difference of which are 

2 cos' a: = 1 + cos 2 x 
2 sin' a; = 1 — cos 2 a: 
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As these express the relations of an angle 2 x and its half x, their 
meaning will not be changed by writing x and \ x instead of 2 » 
and X ; whence 

2cos'J» = l+cos3; (138) 

2 sin^ \x=^\~cmx (139) 
the quotient of which is 



_ 1 ~ cos X 

1 + eos a: 



!. The fnlluTfing maj be proposed a 
1 + t-^a' \ ^ - 



(140) 



(Ul) 
(142) 



I _ tan" J a: "~ cot J I — tan J a: 
tan' J I + 2 cot a: tan J I — 1 = (1^3) 

tan' I x~ 2 coseo s tan ^ i + 1 = (144) 

tan i X = oosee ^ - oot i == ^j^ (113) 

cot J I = ooaeo :c + cot e ^ ^ 't '^°" "^ (147) 

tan J =; = L±li^£^^ (148) 

69 . Several useful formulae result from the preceding, by intro- 
ducing 45° or 30^ If a: = 45° in (S6), (37), (38), and (39), we 
have, by (33), 

cos w ± Bin tf 
,i, (45° ±2,) -cos (45° T!/)- -^^72-^ (149) 

whence 

cos y ± sin ii 
tan (45° ± v) = cot (45° q= y) = -^ -.— 150) 

\ ^^; ^ ^ ^-' COS 1/ q: Sin y ^ ' 

in which either the upper signs must bo taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos y or 
Biny, 

1 ± tan y cot y -t 1 

tan (45° ±p) = i ^ = — ^-^ (1511 

V ^i'/ l^ptany coty:pl '' 
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From this, by (57), 

70. Again, let i s= 0(P ± y in (138), (139) (140), and (146), 

.m (45» =t J !,) _ C.B (45- ^ i s) - J ( ' %'" " ) (15Sj 

...(46.=tJ,)_J(if^'A|) (1M> 

t«>(45»i:irt_'-52J!J^ = j^?^ (1651 

From the last we find 

tau (45" + J r^) + tan (iS" _ ^ ;,) = ^ = 2 sec y (150) 

tnn (46° + J j,) — tan (45" — J j,) = l^fU^ = 3 tan y (157) 

the quotient of which is 

m(45- + S,)-l.n (45' -jj .) _ 
tm(4B»+is) + t.n(4B»_ij.) 
71. In (101), (102), (103) and (104), let x - S0° ; then by (27) 
«nd (28) 

sm(30° + »/) + sm(30° — y) = coaj (159) 

sin (30° + y) - sin (30° - j) = sin y ^/ 3 (160) 

cos (30° + y) + cos (30° - y) - cos y »/ 3 (161) 

COS (80° + y) — cos (30° — y) = - sin y (162) 

and in a similar manner we may introduce G0° ; but it is unneces- 
sary to extend tbese substitutions, as they involve no diffic ulty, and 
can be made as occasion d 



FOBMPt^ FOE MnlTIPLE AnOIBS. 

72. From (101) and (102) we have 

■in (, + ,)_ 2, In J, e, 
.in(»-|-i)=2eo.!,.i 
in wliich let y = (m — 1) x; then 

sin mj; = 2 ain (m — 1) ir 
sin mi = 2 cos (m — l)x 
which are the general formnlEe for eompnting the sine of anj multiple mx, from the 
lower moMpIes (m — 1) z ami (m — 2) x, and the simple angle x. 



(158) 



_.in(,_.) 




+ .in(y-.) 




'->in("-2). 


(163) 


■+"«(»-2). 


-104) 
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FoajIULJE FOR MULTIPLE ANGLES. 
If ne make m eueoeseively 1, 2, 8, i, &c., tieso formula give 



sin a = sin a; = sin x 




Mn 2 X = 2 sin X cos :c =2 cos x sia x 




Bin 3 a: = 2 Bin 2 a; cos r — sin i = 2 cos 2 k sin k + sin i 




Bin i ai = 2 sin 8 j: coa I — Bin 2 j; = 2 eo3 3 z siu I + sill 2 2 




&o. &o. 




73. From (103) and (104) 




cos(y + .:)= 2 COS y COS a. ~ COS (y- 1) 




cos (y + ir) = — 2 Sin y sin a^ + cos (y - a:) 




Rliioli, if we put y = (m — 1) I, become 




cosmic 2cos(m — 1)1003 1 — COB {i« — 2) j; 


(165) 


COS mi = - 2 sin {m ~ 1) a: sin i + cob {m — Z)x 


(166) 


If m is taken suooessively equal to 1, 2, 3, 4, &c. 








74. In (123) let J/ = (™ — 1) I ; tlien 

t.n ™r - tan(7«-l)a:+tau; 



75. If in tte espresaion fi 
efind 



:, Art. 72, we Bubstitutt, tlie value of si 



by which we find tlie sine of tlie multiple directly from tlie functions of the simple 
angle. If this be Bubstituted in the espression fov sin 4 x, the latter will also be 
eipressed in terms of the simple angle. By these successive substitutions we easilj 
ebiain the foUawiag tables : 
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38 PLASE TRIGONOMETRY. 

77. If in these equations n© suljstitute for cos" x ^ I — bio* z they beooine 

Ein 1 1 = (4 sin :< _ 8 sm' z) ^ (1 ~ «n- il 



From tie preceding taWsa it appears tint tlie cosine of the multiple angle may 
&llTiiyB be expressed rational!; in terms of the cosine of tlie simple angle ; but that 
the sine of only the odd multiples tvnd the sosine of only the eren multiples can he 
expressed rationally in terms of the sine of the simple angle. 

79. By successive substitutions we find from the formulso of ArL 74. 



&o. 

80. The preceding results are but particular applications of general formuloj to 
he given hereafter, (Chapter XV.) They are introduced here for the conveaienoe 
of reference in elementnry applications. The powers of the sine or cosine of the 
simjile angle may also be expressed in the multiples of the angle: but they are meat 
readily obtained from the general formulsn of Chapter XV. 



EeiiAtions of Thhee A»ai.c:s. 
81. Let X, y, and a he any three angles ; we hate, by (36) and (f 
.m (. + , + .)_. in (. + ,)™.^+ca.(. + !,),l, 



and in the same way we may develop the sines and cosines ot x -\- y — 
ka. ; but we may find these directly from (I6S) and (1G9) by charging 
y, &a., and observing (G6). 
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RELATIONS OF THREE ANGLES. 

The quotient of (168) divided by (1G9) gives, after dividing tho 
denominator by cos x cos y cos z. 



J + t an y -}- tan z — ta n j; tan y tan z 
xtauy - 



„ (^ + y + ,) = ^5^^^3^nj^an£-^n^jany^an^ ,.^^^^ 



82. Let X, y and z be any tliree angles, and from tlie equations 

let cos z be eliminated ; vre find 

= 3inzsin{^-!/) 
If sia z is eliinjnated, vre find 

These eqnationa may be more elegantly expressed, aa followHi 

«,,». m (y->) + .i»J.m (.-.) + . In ^.lB(.-y)-0 (171) 

oo...in(,-.) + .o.s™(!-.) + <,..i.ln(»-j,l_0 (172) 

A number of similar relations may be deduced from tliose by snbstitnting 90° dc x, 

83. Let 



pe hare by (104) 






2. In. ».(,.- 1) 


= cos 3; — 


coa(2«-^) = cos^-cos(;, + z) 


2,m(.-ff],m( 


o — z) = c< 


,3(;,-,)_cos(2.-y_z) 




= CI 


,s(y~=)-oos^ 


the product of wbioh is 






i ein « sia {v — x) sin (i 


„_y)sin(, 


.-z) = oos=;[cos(j/-z)4-cos(y. 



Roducing the second member by (103) and (134) ; 

4,in.em(._.).In(._rt,in(.-.)_2eo,.eo,yee..-eo.-. 

-eo.'j-OM'. + l (1-3) 

In the same majiner we find 

+ eo,'s+eo."i-l (174) 

84. The folloiving may ho proposed as exercises. 

■m. + .lnj,+ ,l».-.m(,;+!, + e) = 4,lnJ(. + j.).lni(.+.)«ni(,,+.)(1751 

.o..-heo.y+eo,i + oos(i+,+ .)_4oo.!("+S')eo<}("-|-»)eo»}(» + i)(176) 

sin (I + w 4- s) 
Un . + Im s + ton > - tan „ tan y t«, ^ = i.^i^f^ti ('"1 

roll + eol , + eet J - cot » cot y eot e - - °°' '* + ' j" '' (178) 
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40 PLANE TRIGONOMETRY. 

i [sin (»:+yf =}-r2 Bini siiy sm .]' = 4 [sin (H-y) «09^+ cos (r-j-) sin ^^• ' 

= [l-oofl(2i + 2y)]{l+co32^)+[l + Q03(2i-2y)](l_ooa2j) 

(170) 
+ 2C3in2=.+ sin2y)Bin2z 

= 2(:+sb2iBin2y+Bin2 36iii2z+sin2yBin2z— C09 2zooa2j/oos22), 

85. Let tlie sum of three anglea i, y and i be i-, or a multiple of ir, tliat is, an ctcb 

multiple of — a condition irhLoli is eipresaed b; tlie equalJon 

x + !,+ . = 2».i (180) 

then, tan (J^ + i/ -f" '').^ **' """^ *^* ^''^'' "lenitier of (170) being thus reduced to 
zero, the numerator of the second number must be zero, or 

tan :£ + tan y + tan z = tim »: t^ y tan ^ (181) 

an eqaation, it must be remembered, tbat is true only under the condilioa (180). 
Since x, y and i may be selected in an infinite variety of ways so as to satisfy (180), 
it follows from (181) Uiat tiere is an infinite number of solutions of the problem, 
" to find tliree numbers whose sum is aqaal to their product." 

Let the sum of tliree angles x, y and z\>e -^ or an odd multiple of — ; that is, let 

•+!/ + "-(2« + l)-|- (182) 

then, tan (j: -J- y + ^) = cc, and the denominator of (170) must be zero, or 



tan I tan y + tan it tan 2 -[- tan y tan z = 


1 






which, divided by tan x tan y tan s, gires 








eotj: + coty+cot^=:coticotycot^ 






(188) 


a relation that holds only under the condition (182). 








86. Let 








. + y4..^.. = 2„| 






(184) 


We hare by (93) and (91) 








c.a (. + »-.)_... (.,-2,) _(_l)-c. 








•o,(.-!, + ,)_oo.(,,-2y) _(-!)■ 0. 


2!/ 






•»=(!, + . -.)_=.. (.,-2>) _(-!)■ 0. 


2x 






cos(y+s-f-i:) = oosn^ =(-1)" 








tlie sums of tlie first two and of the seoocd two are by (108) 








2 eo, . .0, (!, -=) = (-!)• (00, 2 ; + eo. 2 ,) 








2.o..e..(y + .)_{-l)-(.o,2,+ J) 








and the sum and difference of these equations are 








4 oos . eo, , ens s = (_ 1)- (00, 2 s + 00, 2 » + 00 


2x+l) 




i 00. < sin , .In r _ (- 1)- (eo. 2 = + oos 2 j. - eo. 


2i- 


-1) 




.1 =t4e.s»oo.,eoe._ oe. 2 . + eo, 2 » + . 


os2 


+ 1 


(185) 


rt 4 cos I sin y sin J = — oos 2 I + cos 2 y + 


os2e 


— 1 


(186) 


the upper sign being fallen when it in (184) is even, Die lower when n 


1. odd. 
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41 


Id the same matmer va obttLhi 




^imnxBm!,,mz= dn Sr-f- em 2 y + sin 2 » 


087) 


zp 4 sir, >; 003 ;/ cos ^ = — sin 2 I + sin 2 y + Bin 2 I 


(188) 


tie signs teing taken as abore. 




Again, let 




> + ■/ + ■- (2» + I)J 


{189; 


we Bhall find by the BaJQe process 





±:4»n.=I.,,in._ . 


0.2. + o( 


»2,+ c. 


is2i — 1 


(190) 


a:4,I—ao,,o»,^ = _o 


0.2. + c, 


>,2j,+ ci 


.■2a + l 


(191) 


±lcosioo.s™._ . 


In 2 . + ,1 


n2,+ .o 


n22 


(192) 


=t4coaisinysiiiK= —a 


m2r + Bi 


n2»+,l 


n2i 


(ISS) 


according as n La (189) is even o 


rodd. 









Inverse Trigonometric Functions. 



^ IS an explicit function of x, and, since a; and ^ are mutually de- 
pendent, X is an implicit function of 1/ ; but to express x in tlie 
form of an explicit function of t/, vie write* 



which ia read, "x equal to the angle (or arc) whose sine is ^," and 
X ia called the inverse function of 1/, or of sine x. 

In like manner tan~'^ is "the angle or arc whose tangent is 
2/," ^c. 

88. Many of the formula! already giyen may be oouTeuieatlj ei:presae(l with the 
aid of this notation. Thus, by (16), 



» This notation was suggestei by the use of the negative exponents in algebra. 
If we iiave 1/ =1 nx, we also haye 1 = n ~' y, where y is a function of x, and x is 
the corresponding iuTerse funufJon of ;/, The latter equation might be read " x is 
a quantity whieh multiplied by n gives j/." It may tie necessary to cantion the be- 



^nner Against the error of supposing that si 
For a general view of the nature of ini 



"' y is equivalent to — ; — -. 

se functions, see Peiroe's Difi Calo. 
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42 PLANE TRIGONOMETRY. 

And in the same way tlic foi'iunl^ of Art. 28 give 

™.-y= see-l = Bm-'^(l-j')=t. 

Fovmulffi (123) and (124) maj be written 





y 
1 



I zt y = ti 
or patting t ^ tun x, f = tan y, 



Also tliB formulae o( Arts. 67 and 6i 



H9. We may also employ the notation sin"' (cos x) or "tha arc whose sine ia 
e^iial to tJie cosine of x," i. e. "the complement of i" ; and sin [cos"' y) or "th6 
sine of the aro whose cosine is y," &c. "We shall have aceordini[ly 
eiD (sin -'y) = y tan (tan — 3<) = y &c. 

Bin - (sin x) = '^ ta^ -' [tan >:) = x &c. 

But it must be observed that since the same sine or tangent 'orresponds to Bn 
inSnite number of angles, (Art. 53,) these last ec[uations should be written 

which are equivalent to (95) and (97). 



y Google 



TRIGONOMETEIC I.il5LE3. 



CHAPTER V. 



TEIGONOMETKIC TABLES. 



90. EBEOREproc;eding to the numerical computation of triaagles 
and to other applications of the preceding formulae, the student should 
make himself acquainted with the arrangement of, and the mode of 
eonsvdting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a tahie 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is actjuainted with the nature and use of the 
common tables of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Taile of Natural Sines, ^e., contains simply the numerical values 
of the sines, tangents, &c. for each given value of the angle; the 

* The moBt convenient seven-Bgure tables yet published in this country ara Ss<in~ 
ley's, already mentioned, p. 12. Attached to these are also five-figure tables, and a 
table of anti-logarithma. 

CompnterB, engaged in extensive and varied calsniationa, generally provide them- 
Belves not only ivith tables of seven figures, but also with tliose of six, of five, and 
eTea of four figurea^the eeleotion and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We might, indeed, 
employ seven-figure, or even ten-figure tables in all cases, and reject the final figures 
of onr results, when a lower degree of approiiraation is thought sufficient i but it is 
clearly a loss of time and labor to employ other figures besides tiose which are ne- 
oessacy in arriving at tlie proposed degree of precision. 

The best aii-figure tables are to he found in Bremiker's jVinJO Tahida Befoltnensis, 
{Berlin, 1852,) which are distinguished for simplicity of arrangement, aa well as ac- 
curacy. 

Bowditoh'3 five-figure tables, in bis Epitome of Navigation, are valuable on account 
of their undoubted acouraoy. 

Four-figure tables are to be found in various collections, as for instance, in Schu- 
maoher'a EiUfalafeln, (edited by WamHorf.) 

Of the Gorman eeyen-figure tables we may cite those of Vega, of which Brcmikcr'a 
cdidon is the best: of tlie English, Taylor's, Hutton's, Babbage's, Shorlredo's ; and 
>f the French, CaJlet's, Eagay's, Borda's. Taylor's, Shortrede's, and Bagay's give 
the log. functions to evary second of the quadrant ; Borda's give the funotlons eorre- 
Bpondiog to the eentesimol division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must he had to the 
ten-figure tables of Ylacq, Thesaurus Loffarithmorum Com^iUlus, edited by Vega, 
'Leipzig, IT9i.) 
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second, called the Table of Logarithmic Sines, ^c, contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table of Natural Sines, &c. 

91. The arrangement of this table mil be unlei&tood from a sim- 
ple inspection. It contains the sines &c of angles between zpio 
and 90°, generally for every minute and thu functions oi in^ks 
consisting of a number of degrees, umutes ind seconds havi, to be 
found by interpolations simiKi in their natuie to th be that aia lo- 
c[uired in using tables of logauthms ot numbeia Th mte j uUtion 
is based upon the supposition that the diffeiences jf the & i es kc , 
are proportional to the differences of the angleo and th s p opoi- 
tion, though theoretically inexaLt gnes in geneial a suffii- ent ap- 
proximation, provided the diflerencea of the angle'' of the ta! le ire 
sufficiently small. When the greatest at,Luiacy is desire 1 the tables 
should give the angles to o^eiy second or at least to eieij 10 , and 
the sines, &c,, should be gi\en to at least seven decimil place* 

92. As every angle between 45° an 1 90° is the complement of 
another between 45° and 0° eve y fine of an angle less than 45° 
is the cosine of another groatei than 45° eieiy tangent la a cotan- 
gent, kc. ; hence the angles at the top oi the tables ger eially extend 
only to 45°, and the same ftinctious answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables ai'e not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may taks 
tlie same functions of its supplement, observing to prefix the proper 
algebraic sign, Art. 39. Thus, from Hutton's Tables we find 
sin 140° 16' = Bin S9° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - 0-76S0278 
tan 140° 16' = - tan 39° 44' = - 0-8311992 
cot 140° 16' == - cot 89° 44' = - 1-2030S10 
sec 140° 16' = — sec 39° 44 = — 1-3003431 
cosec 140° 16 ^ coace 39° 44 = 1.5644181 
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remembering that in the 2d quailrant all the functions are negative 
except the sine, and ita reciprocal, the cosecant. 

Or, we may (Art, 38) deduct 90° from the given angle and take 
from the table the eomplemental functions of the remainder, prefix- 
ing the sjgna as before ; thus 

sin 140° 16' = era 50° 16' = ka. 

cos 140° 16' = - sin 50° 16' = ka. 

which ia the better practical method, as the subtraction of 90° may 
be performed mentally, 

94. For angles between 180° and 2T0°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art, 41 ; thus 

sin 220° 26' = — sin 40° 26' 
cos 220° 26' = — cos 40° 26' 
tan 220° 26' = + tan 40° 26' &e. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the eomplemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43; thus 

sin 331° 27' = - cos 61° 27' 
cos 331° 27' = + sin 61° 2T' 
tan 331° 27' = - cot 61° 27' &c. 
Or we may take the same functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functiona 
with their signs, Art. 45 ; and if the angle exceeds 720°, 1080°, &c,, 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° = — sin 30° 45' 
tan 1372° 13' = tan 292° 13' = - cot 22° 13' 

Table op Logarithmic Sines, &c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
wii! therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 instead of — 1, 8 instead 
of — 2, &c. The tangents under 45° being also less than unity, 
the indices of their logs, are also increased by 10. 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. lu using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum, 

98. Since 

sec A = 7 

we have log sec -i = — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec J. = 10 — log cos A 

that is, tJie log. secant is the arithmetioal complement of the tabular 
log. cosine. For a like reason log. cosec, is the ar. co. of the log. 
Bin. ; and log. cot. is the ar. co. of the log. tan. 
Also since 

sin^ 

tan A = T 

cos j1 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction only, the log. tan. cot. sec. and cosec. from a table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0-76902T8 

and log cos 140° 16' = - 9-8859420 

■* strictly speaking, negative numbers have no logarithms, but in practice, tljo 
multiplioation, division, &c. of numbers is performed TFithout reference to tlieir signs, 
1, e. aa if tliej were all positire, and the sign of the result is then deduced from t!ie 
signs of the factors aoeording to tlie rules of algebra. We employ logarithms sim- 
ply to effect tie first of these operations, i. e. the multiplication, division, &c. of 
the nnmbors considered as posLfive ; and to facilitate tlie second operation, or the 
determination of the sign, wo prefis to the logs, the aigns which are pre&Ked to the 
numberB to which they belong. 
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As tlie logs, of all the trig, functions are positive i^eing rendered 
BO bj the addition of 10 where necessary), it will easily be remem- 
bered that the sign in the latter case is not that of the logarithm, 
but of the number to which it belongs. 

Elemestary Method of CoNsiitucTiNa the Trigonometric 
Table. 

100. By dividing jr = 3-1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
sine of 1", which ia sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin r = 0-0002908882 
end by (7) 

cos 1' = v' (1 ~ sin^ 1') = V [(1 + sin 1^ {1 - sin l^] 

= y/ (1-0002908882 X -9997091118) 
or performing the arithmetical operations 

C03 1' = 0-9999999577 
Then by (101) and (103) 

sin (s + »/) = 2 sin x cos y — sin [x — y) 
cos (» + J/) = 2 cos X cos y — cos {x — y) 

jn which we can suppose y to be constantly equal to 1' and x to be- 
come successively 1', 2', 3', &c. Thus, first substituting y = 1', 
sin (a: + 1') = 2 sin x cos 1' — sin (x ■— Y) 
cos (a: + 1') = 2 cos X cos 1' — cos {x — V) 
theB if a; = 1', 2', 3', &c., we find for the sines 

sin 2' = 2 cos 1' sin V — sin 0' = 0-0005817764 
sin S' = 2 cos V sin 2' — sin 1' = 0.0008726646 
sin 4' = 2 COB 1' sin 3' ~ sin 2' = 0-0011635526 
sin 5' = 2 COB 1' sin 4' ~ sin 3' = 0-001454440T 
&c. &c. 

ftr4 for the cosines 

cos 2' = 2 cos V cos 1' — cos 0' = 0-9 
cos 3' = 2 cos 1' cos 2' — cos 1' = 0-9 
cos 4' = 2 cos 1' cos 3' — ■ cos 2' = 
cos 5' = 2 COS r cos 4' - cos 3' = 0-9999989425 
&c. &c. 



y Google 



PLANE TRIGOKOMETRY. 



The whole difSculty in this operation consists in the mnltiplication 
of each successive sine or cosine by 2 cos 1' = 1-9999099154 ; but 
thifl multiplication ia much shortened by observing that 





2 cos 1' 


= 


1.9999909154 - 2 - 


•0000000846 


BO that 


if we put 




m = -0000000846 




we have 2 cos 1' = 


.2 


1 — m and therefore 






sin 


2' 


- 2 sin r - sin 0' - 


m sin 1' 




sin 


8' 


= 2 sin 2' — sin 1' — 


m Bin 2' 




sin 


4' 


= 2 sin 3' - sin 2' - 
4c. 


m sin 3' 




cos 


2' 


= 2 cos 1' - cos 0' - 


m cos 1' 




cos 


3' 


= 2 cos 2' — cos 1' — 


■ OT cos 2' 




cos 


4' 


= 2 cos 3' — cos 2' - 


m cos 3' 



which are computed with great facility. 

101. It ia not necessary, however, to continue this process beyond 

30° ; for by (159) and (162) we have 

sin (30° + ?/) = cos j; — sin (30° — ?/) 
cos (30° 4- 3/) = cos (30° - ^) - sin y 

so that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 30° previously found. Thus, making 
y successively 1', 2', 3', &c. 

sin 30° r = cos 1' — sin 29° 59' 
sin 30° 2' = cos 2' - sin 29° 58' 
sin 30° 3' = cos 3' - sin 29° 57' 

&c. 
cos 30° 1' = cos 29° 59' — sin 1' 
cos 30° 2' = cos 29° 58' — sin 2 
cos 30° 3' = cos 29° 57' — sin 3' 

&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 
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102. The tangeiita and eotangenta may be found from tLe sinea 
and cosines by the formulis 



nd cosecants by the formulte 

1 1 



103. In so extcndod a computation as tlio construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) wo can find from the cosine of an angle tho sine 
and cosine of its half; hence from the cos. 45° = n/ ^ we can find 
sin. and coa. of 22° 30', and from these the sin. arud cos. of 11° 15 
by the same formulfe ; and from cos. 30° = ^ v* 3 we can find sin. 
and cos. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. TliBre are vorious otliev angles whose fimotiona can be cipressed under finito 
forma more or less Eimple, and may lierafore be emplojed for the purpose of veriE- 

I,et a; = 18° ; then 8 i + 2 i = 90" and eos 3 i = sm 2 x, whenee, hj Art. 70, 



BHoh equation of the Si degree being resolved, gives 



From these by (138) and ( 
bj (37) and (88) those of i 
win be easy to form a table < 
8° of the quadrant.* Thesi 
in tho ooDstructiou of tables, 
frtmula of Jieri/ieation which is of some imp ortctnce. 



* A table of this kind is given by Caguoli in hia Triffonoinelrtt 



.m7- ^^t^° + ' 


^/5) 




we find the sine and cosine of 9" ajid 86°; thsu 
80" = 6°, whence those of 8" ; after which it 
exact values of the sinoa and cosines for every 
fessions, however, are not of muoli use, directly, 
e have much better methods; but they lead to a 
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And by (102) 

Bin (72" + y) - Bin (72' -y) = 2 coa 72» smy = -^^f^ sin y 

sin (36» + J) - Bin (36- - y) = 2 co3 36" Bin y = ^^^^ sin y 
tKe difierence of theae equatioua gires 

Bin {m + J-) - Bia (36» - y) =s sin (72- + y) - sin (72° - y) + sin y 
wMch, is Euler's formula of verifiealion. By giving y anj value at pleasure, the cor- 
rectness of fire sines of the tables is esiiniined. By substituting 90° — y for j( in 
this formula it is easily reduced to tlio following 
Bin (90= - J,) + sin (18" + y) + Bin (18= - y) = sin (54= + y)+ sin (64" - j,j 
which is known as Legendre's formula, though not easentiallj different from Euler's. 
lOo. The method that has here been giyeu for computing tho trigonometric table, 
though simple in principle is netcrtheless sufficiently opevose. The method by in- 
finite series, to be given hereafter, will bo found to be much more rapid and simple 
in proctiae. 
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CHAPTER VI. 
SOLUTION OF PLANE RIGHT TRIANGLES. 

106, In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 
The solution is effected directly by means of our Kg. is. 
definitions of sine, &c., which are expressed by ^^ 
the equations (1). As three of the six functions =.^''^^^ L 
are only the reciprocals of the other three, we ^^ 

shall base the solutions upon the following three ; ^^^ j '' 

(Pig. 15): 

Sin J. = — cos J. = — tan A'=-r 

ceo 

Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonometrically, there must be 
given two of these parts ; and that of the tiiree parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equation will be deter- 
mined by the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Case. I. Griven the hypotenuse and one angle, or e and A. 
To find a. "We consider a, e and A; and since the ratio of a and 

e is given by the sine, we have 

sin J. = — whence a = e sin A (1^^) 

To find h. Considering b, c and A, we have the ratio of b and c 
expressed by the cosine, or 

cos ^ = — whence b = c coa A (196) 

To find B. We have £ = 90° - A. 
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T!n5 ic qui red quantities a and h being 
factors, the computation is conveniently 
of tlie logarithms of these factors. 

Examples. 
1. Given - 6T2.3412, A = 85° 16' 

By (195) 
c= 672-3412 ]og2.82T5897 
A = 35° 16' 25" log sin 9-7615382 
a = 388-2647 log* 2-5891279 5 = 



equal to the product of tnti 
performed by the addition 



25"; to find the other pans. 
Bj (1%) 

log 2.8275S9T 
logcos8-9119049 



648-9018 log* 2-7394946 
Am. « = 388-2647 
h = 548-9018 
B - 64" 43' 35" 
2. Given e = 42567-2, B = 87° 49' 10"; find the other parts. 
Am,, a = 1619-626 
b = 42536-37 
A = 2° 10' 50" 
side, or c and 6. 
'0 must first find an angle. 



108. Case II. Cfiven the hypotenuse o 
To solve this case trigonometrically, v 
To find A. We have 

i 
cos ^ = — 

To find a. We have, by the preceding 

sin ^ = — a = 



(197) 



(198) 



But a may be found by geometry from the equation 
a' +&^ = e^ whence a^ = e^ — fi^ 
„ _ V' (c^ - }■) - v- [(« + S) {o - S)] 
Examples. 
1. Given e — 672.3412, S - 548-9018; find A and a. 
By (197) By (198) 



(199) 



6 = 648.9018 log 2.7394946 
« - 672.3412 log 2-8275897 

A = 35° 16'25" log cos 9-9119049 



log 2-8275897 
log sin 9-7616382 



388-2647 log 2-5891279 

'en is r^ectcd from eicli of those indiees because tho logarithms of the sins 
isiue in the table ar« tea too grent. Art. 97 
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By (199) 

c- 672-3412 

6 - 648.8018 

i+b = 1221-2430 log 3-0868021 

- J = 123-4394 log 2-0914538 

2)6-1782559 

a - 388-2647 log M89i]i79 

Am. A = 35° 16'25" 
B- 64°43'S5" 
a = 388-2647 
2 Given c - -092357, J = -058018 ; Snd a. 

Am. a - -071859 
109- Case III- G^ven an anffh anil itg adjacent side, or A and 5, 
To find a. Wo have 

1 = i tan A. (200, 



cmA = - Tvlience, Ij (2), e — , - J sec ^ (201) 

or directly from the secant 

sec ^ = -7- whence c = & SCO ^ 


Examples. 

1- Given A = 88° 59', I = 2-234875 ; find tho other parts- 

Am. a - 125-9365 
a = 125-9663 
-B = 1° 1' 

2- Given -B - 60°, o - 10 ; find e. (See Art. 29). 

Am. e = 20. 
110. Case IV. Given an angle and its opposite side, or A and a. 
To find 0. We have 

sin jl = — = -. r = a cosec A (202) 

sin A ^ ' 

To fijid I, We have 

tan j1 - ^ J - —2- ^aalA (2031 
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Examples. 

1. Given A = 25° 18' 48", a = -085623 ; find 6. 

Ans. b = .1810278 

2. Given B = 39n7'5", S = -01; find e. 

Ans. a = -0157&34 
111. Case V. Given the two sides, or a and 5. 
To find A and B. We have 

tan A = aoiB = j (204) 

To find c. We have 

sin ^ = - e = -A^ = a cosec A (205) 

c sin ^ ^ ' 

Wg may also find c directly by geometry, from 

c^ = «^ + 5' whence e = >/ [a? -\- 5^) 

but this is not readily computed by logarithms. 

Examples. 

1. Given « = 30, J = 40 ; find c. Ans. c = 50 

2. Given a = S-678912, h = 2-463878; find A and c. 

^KS. J.= 74°9'4"-l 
e = 9-021875 

AdEITIONAI, FOKMOLffi FOR RlOGT TeIANOLES. 

112. By inapeoting the tables It will be seen that when the angles are yery small. 
tlia ooaiDea differ yery Utile from each other ; consequently a small ajigle cannot be 
found with TBTy great BOcaracy from its oosino. For a similar reason an angle that 
is nearly 90° cannot be accurately computed from its sine. Jt is therefore desirable, 
when a required angle is small, to find it by its sine, antl when near 90° by its co- 
sine, or in either ease by its tangent or cotangent ; and for this purpose special for- 
mulaj are sometimes necessary. We shall deduce several such formal^, ftom whieh 
one adapted to a particular case may be selected. 

113. From(197) wefind, by (1391 



sin M = J (^*) (20«J 

which maybe used instead of (197), when A is small, that is when b is neatly equal 
to c. It gires also 

Oy which c — 6 may be accurately found when A is small 
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Also from (197), by (140) 

111 From tiie equation 

sin ^ = ~ 
WB deduce by (153) and (154) 

BiB (45= ± M) == J (^0 (209) 

coa(45=±M) = J(-^) (210) 

ton (45= ± J ^) = J (01) (211) 

and from taa .4 = -r we find by (151), 

to (45= ±A) = [02 (212J 

115. By (136) we have 

vrhUh, since 2 A = A + W — B = M° — (B — A), gWes 

.i.(ii-^) = i^ + y-") (213) 

By (136) 

COS (B — A) = siaiA = 2 sin A coa A = ~ (2U1 

and from (213) and (214) 

by which S — J, is found with great aooaraoy when b and a ate nearly equal 
Example, Given c = 4602'886, J = 4602-21059 to find A. 
By (206). 
c—b = 0-62541 log 9-7061618 

2 c = 9205-672 log 3-9640555 

2)5-8321093 
5 ^ = 2S' 20"-18 log ain J ^ = 7-9160547 
A = 59' 40"-36 

The orainary process gives log cos A = 9-9999110, whence A = 56' 40". These 
results are obtained by Stanley's Tables, in which tie log. sines, Sc, are given for 
every 10" for the firat 15". A greater diserepancy between the two results would be 
found by tables in which the functiona wore giien only for each minute. 

A alight error remains in the value of J ^ = 28' 20"-18, on account of the large 
differences of tie log. sines in. this part of the table, or rather on account of the 
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rnpi'] diiinjsc of these (Iiifbiences. We avoid the use of tJicso 1? 

t^ain somBwhnt in aodurasj, by employing the approiimate yalue of Bin. J A given 



sh iA = iJ =in 1", iA= , " ■ 

Thus we have fouiiii aboye log sin J ^ = 7-9160517 

Art. 54, log Bin 1" = 4-6855749 

iA = 1700"-12 = 28' 20"-12 log J A = S -2304798 

But to obtain J A with llie utmost preoiaion, recourse must be had to the follow- 
ing process, whicli la constantly employed in obaervatoriea, and wherever email angles 
are to be computed witli eitreiiie accuracy. Special tablaa aro prepared containing 
for every minute from 0° to 2° the logarithma of 



A table of tliis l;ind will bo found on page 156 of Stanley's Tablea, where tho 



and therefore in the column marlied g — n we find the log . Thus in the abore 

example we hare found log sir, i ^ = ? = 7-9160547 

and from the table 5— « = 4-6855700 

J ^ = I7O0"-14 = 28' 20"-14 log J ^ = n = 3-2304647 

which is the true value of J j4 within 0"-01. 
Stanley's Table contains also ilie values of 

log — ~ ^= g — n (j =; log tan x, n ^ log !tl 

lie Tj — = ! + " (! = log ooseo X, n = log x) 

log ~^ = q-\-n (5 = log cot I, B = log x) 
the B90 of wliich may easily be inferred from tbe eiample just (^ven. 
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CHAPTER VII. 

FORMULA FOR THE SOLDTION OF PLANE OBLIQUE TBIANGLISS 

116. As every oblique triangle may be resolved into two right 
triangles by a perpendicular from one of the anglca upon the 
opposite aide, we are enabled to deduce all the formulae for their so- 
lution from those of tlie preceding chapter. 

IIT. The sides of a plane triangle are -proportional to tke sines 
of their opposite angles. 

Denote the angles of the triangle ABO, ^'^' ^** p 

Fig. 10, by A, B and 0, and the sides oppo- 
eite these angles respectively by a, J and c. 
From draw QP perp. to AB and put ^"^ 
CP = p. Then in the right triangles AQP, BQP, we have, 
by (195) 

p = b mv A, ^ = a sin -B 

whence b sm A = a sin B 

wkich, converted into a proportion, gives 

a : 6 = sin J. : sin 5 (2161 

and in the same way we may prove that 

a : c = siXi A: mi 
5 : c = sin S : sin 
and ttese three proportions may be written as one, thna : 

« : 6 : c = sin ^ : sin 5 : sin C (217) 

or thus, -A-^ = -r^ = ^^ (2181 

sm A sin B sm O ^ ' 

When the perpendicular falls without the 
triangle, Fig. 17, the angle QBP is the sup- 
plement of B, but by Art. 39, it has the s 
Bina, so tliat the triangle OBP g' 

p = asm QB P = a sin 5 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.* 

118. The sum of any two sides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 

a: b — sin A: sm B 

whence, by composition and division, 

a + E : a — 6 = sin J. -f sin jB : sin J. — sin 5 

But from (109) i£ x == A, p = B -w& obtain the proportion 

Bin A -i- sin B : sin A — sin B = t2tnl {A + B): tan ^{A — B) 

which, compared with the above, gives 

a + b:a-h = Un^{A + B):tB.Ti^{A~£) (219) 

This may also be written 

'^ + * _ tani(^ + ^ ) 

S^Tj - tani(^-^) f^^^^ 

and wo may infer the same relation between i, c, B, and a, c, 
A, Q. 

llf. The square of any side of a triangle ie equal to the sum of 
the squares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. 

FiK, je. In the triangle A B 0, Figs. 16 and 17,* 

we have either 

BP=c-AP mBP=AP-o 
but in both cases 
I ^P= = J.P' + e' — 2cX^P 

Adding QP"^ to both members, we find 
a' = J2 + c^-2cX^P 
But the triangle A OP gives by (196) 
AP = b cos A 



* The consideration of Fig. 17 was not strictly neccaanry nocording to (ie prin- 
ciple stated in Art. 49. It may, howeyer, be useful for the student to verify that 
principle when Qonveuieut, 
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wliicli substituted in the preceding equation givea 

a^ = b^ + <^~.2bceosA (221) 
as was to be proved. We have in the same way 

J2 = «^ + c^ - 2 3C COB B (222) 

c^ = a^ + b^-2ab cos O (223) 

120. The same reault ia obtained from the following equatlous (which ure evident 
from Fig. 10, where c = AP+ PB) 

a = ha!>BO+eeoaS "I 

S = c ooa J + a C03 (7 I (224) 

From the first of these 



whence 




c' coa' B = 


0- — 2oJcoa ( 


and from (218), 
the Bum of which 


c' Bin' B = 

!!' = 


, by (13), 

a* — 2ab coa ( 


121. 


From 


(221) we find 








cos ^ - ■ 


2 be 



by which aQ angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary : 

Subtract both members from unity ; then 

^bc-b^-c'+a^ a^~ (b ~ cf 
1 cos ^ - 2 £c - 2 be 

But, by (139), making a: = j4, we have 

1 — cos ^ = 2 sin^ ^ A 

Also, the numerator of the second member being the difference of 
two squares may be resolved into two factors, viz. : the sum and the 
difference of a and b ~ c, thus, 

Substituting these values in the above equation and dividing by 2 
■in-M-^ '~' + °il: + '- ^ (226) 
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This may be eimplifiecl by representing the half sum of the three 
sides by s, or by putting 

a + b + = 28 
whence 

a—b-hc = a+b'i-e — 2b = 2a-2h = 2(s~h) 
a+h~c=a + b'i-c-9.c = 2s-2e = 2{a~o) 
which substituted in (226) give 

In the same manner we should find from (222) and (223) 

122. Add both members of (225) to unity ; then 

2 b c + l' + e'- <f _ (S + ey-a' 

-'"^"""^ 2fc 2fc 

But by (138) 

l + cos4-2oos'J^ 

Also, {b + e)'-a'-{b+e + a){b+e—ii) 

therefore 

, , , (8 + + a) (5 + - o) 
COS- 1 A - i j-j^ ' 

Substituting s in the numerator as in the preceding article 

co8'i^ = ^^^~"^ (229) 



and therefore also 

^ ao ■^ ab ^ ' 

123. Dividing (227) by (229), we have, by (14) 

and in the eame manner 
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124. The prooetliug formulie are suffialent for the resolution of allthe usual cases 
of plane triangles ; but there are others that are oeoasioaoUy useful. From (218) 
we find, by (105), (103) and (135), 

a — b _ sin ^ — sin -g _ coa ^ (.-1 + B] sin l ( A — B) 



180° — 0, i (A -{- Jl) = W° — ; 
, ,..■ i C, c. ! (-1 + -B) = »u , 


it' 
!0 


«o? ,' {A — IJ) COS i{A — B) 
.ln}(7 ^TO>i(.l+-S) 




•i„HA-B) A„HA-11) 





Kut siDoe A + B-{- G= 180= 



by means of which we find 



Tlio quotient of (283) dmded by (23'1) gives (220). 

125. Aiiiiiug unity to Ijotli memljera of (233), or subtracting it, wo liave, nj 
(103) nnl (104) 

. + !+■ _ oosUi + £) + »»■ i (-< - ") _ 2 oo. i X .OS 1 B 
, — oo,i(i + J>) sin iff 

a + i^c cos i (^ — g) — OQS \{A + E) _ 2 sin ^ ^ sin j B 
.0, J (X + Ji) sin i 



Similarly from (234) we find 

o+»-i _ sin i(A + ll} + sin } (_4 - B) _ 2 slu } A o.s } J 
- slni(^ + ^) «"i" 

c — g-fi _ sin U^i-f- J?) — s in ^ (.4 — J) _ 2 cos ^ ^ sin ^ J 
- """ '" - - cos 10 



' 


~ 






sinH^ + ^) 




gubstiUt^ng 1 




ii" 


+ 


J + c), tlieso oquotiot 


IS be 










. CO. M COS 1 B 
sin } 










-, sin M sin I 
, sin i S 


L^ 



sinj^ 


cos! 


\B 


•OS 


J« 




cosl^ 


sin; 


i.B 



(230) 
(237) 
(288> 



y Google 



62 PLANE TRIGONOMETEY. 

From these equationa wa can deduce immediateJy (227) &c. ; for einmpla 
changing e for i in (23G), we liave 



nhieh, Dmitiplied by (286) gives (227). 

126. Four timea the product of (227) and (229) is by (135) 



^ = ^..(,-.)(.-i){.-c) 



(thence 

■^^--S-^'t' (■-")(■ -')(■-')] (231) 

Exohtmging A for B and G sucoessively, this gives also 

•mff-^v/["('-")('-»)('-0] (Ml) 

In these equationa pnt* 

JE- = ^ [,[<-=)(.- i){s-e)] (242) 

then 

.t.^_?^ .,„i,_i£ .,.0-1^ (2«) 

tc ac ot ' ' 

7he quotient of the first of these diTided hy tlie second is 



aS~~ be ~ 



vrhich brings ub back to the theorem of Art. 117. 

127. The sum of A, S and C being ISO', and the sum of J ^1, J 5 and J C being 
90°, we hiTe, by Arts. 85 and 8G, the following relations among the angles of a t,.^..j 
triangle. 

tan A+ tan 5 + tan C = tan A tan B tan C 
cotJ^+cotJiJ + cot J C=coti^oot5iJcoti<7 
ainJ+ Eini?+ sin (7= 4 cos J ^ cos J 5 cos J C 
^j,A+ sinB— sinC=4s!nJ^Einf.Bco3iC 
cos X + cos £ 4- cos C— 1 = 4sraJ-ismJ-BBin J C 
009^4- cos B — cos C+1 = 4cosl Joos JBsinJ C 

m the last of which we may interchange A, B and G. These relations ma.j be sub- 
stituted in the equations of Art. 125. 

* Kis the area of tte triangle. See Art. 148, 
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128 


The 


follomng equations are a,dded 


aa exercises. 






tan i ^ < — i 


.nMtauJl;-- 






wn (^ + ^) 





tan i ^ tan i ^ cot i C = ^— ^ 
cot i ^ + -Jot i B + cot 5 a= -^ 
Bin i ^ flin J JJ Bin i C =s -^ 
co.McoM5oosiC==-£. 
tan J ^ tan } 5 tftu 1 (7 =3 ^ 

— i (2 o- i'+ 2 «'c*+ 2i* i^- «*- f-^) 
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PLAKE TKIGONOMETRY. 



CHAPTER YIII. 

SOLUTION OF PLANE OBLIQUE TEIAKGLES. 

'5- f, 129. Case I, G-iven two angles and one 

side, or A, B and a. Fig. 18. 
To find the third angle. We have 
a=180°-(J. + £) 
To find h and c. We apply the theorem of Art. 117, and state 
the proportions thua : the sine of the angle opposite the given side is 
to tho sine of the angle opposite the required side, as the given side 
ia to the required side. Thus we have 



(244) 





sin J. : sin .B = a : 6 


whence 


6 "^'""f «sin_Bcosec^ 


and 


siii^:sinC=a:c 


■whence 


= . .- = a sin C cosec A 



(245) 



Examples, 
1. Given A — 50° 38' 52", B = 60° T W aad a ■= 412-6708, 
to find (7, I and c. 

A + B= 110° 46' 17" 
= 69° 13' 43" 
By (244). 
A — 60° 38' 52" log coseo 0-1116730 
B - 60° 7' 25" log sin 9-9380702 
- 69° 13' 48" 
o - 412-6708 log 2-6166037 



log i 2-6653469 
} - 462-7505 



By (245). 
log coseo 0-1116730 



log sin 9-9708129 
log 2-6156087 



loge2 
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BOLOTIOS OF OBLIQUE TEUNQLES. 65 

2. Given A = 100° 16' 35", B = 25° 16' 13", and & = 29-167 
find a and e. 

Ans. a = 6T.22857 
c = 55-59178 

130. Case I. Given A S and o. Second solution. Vfe Sad = 1S0° — (A + B) ; 
then, by (283) and (234) 

b-j-c — a. ^^^^ j^_j_ C) Bin i ^ ^ ' 

whjoli ghe tho Slim and difference of the required sides ; adding half tte difference 
to talf tlic sum, we find the greater side, and enbtracting half the differemoe from 
half the sum, we find the less side. 

131. CaseL GiTcn^, .Sand a. Third Sohitirm. When ^ and B are nearly equal, 
and great accuracy is desired, wb may compute the difference between a and b ; for 
TIB haTe, from (244), 



„ _ 5 = 2_^^«i..(^ + j;^ sinH-l--g) (248) 

Example. GiTcn A = 35" ifV 12" -3, B = 36° 37' 48"'0, and a = 26246-948. 
A = 35" 40' 12"'3 log coseo 0-2342442 0-23424 

^ = SS^STMS-'-S log 2 0-3010300 O-801O3 

i (A + B) = 35= 39' 0"-5 log cos 9-9098720 9-90987 

i(A — B)= 0° ]'l]"-9 log ain 6'5423033 6-54230 

a = 2G240-948 log 4-4190788 4-41908 

a — i = 25-499 log 1 -4065288 1-40652 

b = 26221-440 
One of the advantages of this proeesH is, that a^- b may be found with sufficient 
accuracy with five-figure tables, as in the second column of logarithms above. If a 
had been given to ten fignrea instead of eight, we should still have been able with 
the Eevcn-figure logs, to find b ^- J to seven figure, and therefore b to ten figures, 
which could not be done by the ordinary metliods without ten-fignre tables. 

132. Oa8e II. Given two sides and an angle opposite one of 
(hem, or a, b and A. 

To find B. To find the angle opposite the other given aide, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of tlio required angle. Thus, with the 
present data, we have 

a : 6 = sin J. : sin S whence sin B = — — - (24!)'' 
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To find 0. IVe have C= 180° 
T'l find c. Having found C, w 
therefore, by (245) 



-{A + B) 
HOW liave the data of Case L ' 



a coiecA 



(250) 



133. It is ehoTTn in geometry that when two 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

B = BB' 0^180° -AB' 

These two values of B are given in the trigonometric solution by 
.he consideration that sin B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. 

In general, when an angle is determined Kg. 20. 

only by its sine, it admits of two values, supple- 
ments of each other, unless the conditions of 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than 6, and 
there is but one triangle whether J. is acute or 
obtuse, as in Fig. 20. 

134, If the given parts were such that 

a — bam A 
a would be equal to the perpendicular from C upon the side 0, and wa 
should have but one solution, namely, a right triangle, B and its 
supplement both being 90°. 

185. If the given parts were such that 




a would be less than the perpendicular from and the problem 
would be impossible. It would also be impossible i£ a<.b while 
^>90°. 

136. When there are two solutions, represent the two values of jB 
by B' and B", then the two values of will be 



0' = 180° - (A + B') = 180° -B' -A = B"-A 
C" = 180° - (A + B") = 180° -B"-A = B' —A 



(251) 
(252) 
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and tte two values of e will be 

c' = a sin (?' cosec A o" = asm 0" coseo A (253) 



Examples. 
1. Given a = 31-23879, S - 49.0011T and A - 



and e. 

a — 31-23879 
6 _ 49-OOllT 
A= 32° 18' 

s'~ se^se'se'-s 

£"-123° 3' 3"-7 
C- 90° 46' 3"-7 
O"- 24°38'66"-3 



°18'ifindB, 



. CO. log 8-6053058 

log 1-0902064 

log sin 9-7278277 

log sin 9-9233S99 

log sin 9-9999627 
3 

log cosec A 0-2721723 
log o 1-4946942 



logs 



1 9-6201962 
0-2721723 
1-4946942 



log c" 1-3870627 
a" = 24-38163 
2! = 123° 3' 3"-7 
C- 24°38'66"-3 



log </ 1-7668292 
e' - 58-45601 
Am. £ = 56°56'56"-3 
C-90°45' 3"-7 
c =■ 58-45601 

Z. Given a — -051234, i - •042356, jl - 55° ; find B, C and o- 
^1».. £-42»37'32"-7 
C=82°22'27"-3 
e= -06199202 



3. Given o - -042356, h - -051234, A 

^M. -B = 82°14'35"-7 
O = 42° 4.5' 24"-3 
» - -03510331 

4. Given o - 40, 6 - 50, jl = 53° 7' 



65° ; find B, C and e 
S - 97° 45' 24"-3 
= 27° 14' 35'-7 
c — -02366993 



- Given o = 40, 6 = 60, ^ - 6 



i"-4; finds. 

Am. B = 90°. 
° ; solve the triangle. 

Ans. Impossible. 
6. Given i = 40, c = 50, 5 = 100° ; solve the triangle. 

Ans. Impossible. 
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137. Case ir. Giyen o, J and A Second Sohtioa. W« 

may sohe, separately, tlie two riglit trinnglea A PC, BPC, 

Fig. 21, which ia a convenient methotl when there are 

two Eolntioaa. IVe first find B by (249) ; then we hove 

■^ AP = b-:t,3A, SP=acosB 

and e = AF+BP 

The oorineofthe obtuse value of iJ is negative, (Art. 39), bo that.B/' is then nega- 
tive, and we huve the two values of c from the formula 
e=AF±BP 
There will be but one solntion, if £ /'> A P, for c cannot be negative. 
138. Case III, &iven two sides and the included angle, or a, b and 0, 
To find A and B. We have first 

A + 5 = 180°- 
1{A + B) = m°~l0 
from which we next find the half clifFerence of A and B by Idb 
theorem of Art. 118, which gives 

a + 5 : a — 5 = tan J (^ + .B) : tan I- (J. - E) 

ixal{A-B)=^~ tan J(.l + B) = ^^| cot^ Q (254) 

The half diiference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find c. We have the data of Case I., and therefore 

c = a sin C cosec A = hmi.Q cosec B (255) 

Examples. 
1. Given a = -062887, b = -023475, and = 110°32'; find A, B 
and c. 

J. + S=:80°-C=69°28' 

a-\-h= .085862 ar. co. log 1-0661990 

a~b= -038912 log 8-5900836 

^{A + B)= 34° 44' log tan 9.8409174 

1{A~B)= 17° 26' 33" log tan 94972000 

A= 52° 10' 33" ■ 

B= 17° 17' 27" log cosec 0.526918y 

= 110° 32' log sin 9.9714931 

b = -023475 log 8-3706056 

e = -0739635 log 8-8690176 

Ans. A = 52° 10' 33" 
B = 17° 17' 27" 
c = -0739635 
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2. G:«n« = 31.0006, 6 = 16.1101, 0-10° 15'; find ^ and B. 

Ans.A = 160°17'13".7 
B = 9° 2T46".3 

3. Given « - 2-463878, S = 9.021876 and ff - 74° 9'4".2i find 
A and B. 

Ana. A = 15°50'65".8 
B — 90° 0' 0" 

4. Given 6 = 16-1101, o = 31.0005, j1 - 10° 16'; find .8 and 0. 

Atu.B- 9°27'46"-3 
a = 160° IV' 13"-7 
139. Ha.Tiug found A and B as above, the most convenient mode of finding c ie bj 
{::33) or (231), wbleU give 

'^m + B) 
i (.1 - B) 



=(-+^) !:-:« (2s«) 



n_5(^4^J?) 
nlCa-^j 



- (" *J Bin >,(A-B\ '^^'J 



for we taTB, from tie process of finding A and .B, the log. of b + i, or of a — i," 
and the yalues of J (j4 + B) and ^ (A — B), bo that we Have only tiro new logs, to 
End, nhich are taken out at tlio game openiiig of the tables with tlie taagenta of 
l{A-^B)&nA^I^A — B). 

140. Case III. Given a, h and C. Second Solution. WLen a 
and i are given by then logarithms, ^\hich occuit, when they are 
deduced hj a logaiithmio process from other data ("is, for example, 
in the computation of a series of tiianglea m a suivey), we proceed 
as follows. Let X be an auxiha>7/ angle, such thit 



' b 



(258) 



an assumption always admissible, since a tangent may have any 
value from to oo . 
We deduce 



tan x + l a + b 
or by (162) tan (, - 45°) =. ^ 

•viiich substituted in (26.1) gives 

tan 1 (A - B) . . ten (a; - 46°) tan J (j1 + S) (269 ) 
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We find X from (258) and employ its value in (259). As tliia 
'■nethod does not require the preparation of « + 6 and a — J, it is 
i|nite as short in practice as (264). 

Example. 
Given log a = 8-7950941, log 5 = 8-3706056, and 0= 110° 32'. 
(Same as Ex. 1. Art. 138.) 

log a = 8-7950941 

log b = 8 3T06Q56 

X = 69° 22' 46"-8 log tan 04244885 

a- _ 45'^ = 24° 22' 46"-8 log tan 9'6562825 

i(A + B)= 34° 44' log tan 9-8409174 

ilA~ B) = 11° 26' 32"-9 log tan 9'-4971999 

141. Case IIL Given a, b, and 0. Third Solution. To espress A ot B Jlveallj 
in terma of the data, we have, from (218) and (224) 



142. Case III. Given a, 6 and C Fourth Solution. To End o directly from the 
data, we liave, bj (223) 

e' = o' + i' — 2 ai 003 C 
which, however, ia not adapted for logaiithmio oomputatiou. It may be adaptea us 
foUows. Substitute by (189) 

003 C = 1 — 2 sin' i a 
then «-=,„'+*' — 2 ai4- 4 Hi sin' J C 





= (o _ 6)» -J- 4 ab sin" J C 




. = («-'.J(. + i$^0 


Let % he a 


n aaiUiory angle, 3ach ttat 




4 oS fan' j C 
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tken the radical in the above equation beoomea v^{l + tan' 2) = aec x; hLarefore, 

c = (a — b) seo z (2C4J 

143. Wo maj also adapt (228) for logarithmie coraputatlon bj meana of (138) 

wbioli givea 



3 a' 4- i' + 2 ai — 4 oi cos" J C 



tlien lie radical becomes \/(l — si 



144. It is to be observeii, that the supposition (263) is always possifcle, Bince a 
tangent maj have any value between and oo , and therefore an angle x may al- 
■wajs be found liaving a^J given number as its tangent. As the greatest value of a 



sine is unity, it is not so 
whatever the taluea of a 


obvious that the supposition (266 
and 6 

(a- by 2,0 


is always possible; 


therefore 


(0+ by>_iab 




whence 


4fls. 




therefore tlie second member of (26(5) is never greater lli,". 


,mily. 




Example. 




Given a = -062387, i 


= ■023475, <?=110» 32'; (same 


as El. 1, Art. 138) 


a = -062387 


By (2G6) and (267). 
log 8-7950941 




b =, -023475 


log 8-3706056 




a + b= -085862 


2)7-1656997 
log v'«* = 8-5828499 
ar. 00. log 1-0661990 


log 8-933EO10 


1 (7 = Bo" W 


1. cos 9-7556902 






log 2 0-3010300 

I. Bin I 9-7057691 

1= -07396344 ■ 


. 00s X 0-9352161 




log 8-86&0I71 
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145. Case IV. Cfiven the three sides, or a, h and c 
To find A, B and C. We have from (227) and (228), 






^=J(' 



('--)('-'') 



cr bj (229) »iid (230) 






1)0 



^o=Ji^-^) 



ur bj (231) and (232) 



^'i^=J(!^^^) 



taoi^: 



JV .(«-4) ^ 



toJO- J(i^ 



(»-")(' 



(«- 



r') 



■ (269) 



(270) 



In these formula s = ^ {a + h + e). Either of these three 
methods may, ia general, be employed, hut (268) is to ho preferred 
when the half angle is less than 45°, and (269) when the half angle 
is more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logs, to be taken from 
the tables. It is accurate for all values of the angle. 



e Art. 112. 
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1. Given o = 10, 6 = 12, e s- 14 ; Snd the a 



= 10 
J -12 
e~M 

2>=.36 

1 = 18 
-a= 8 
-6= 6 
-e= i 



areol 9-0000000 arcol 90000000 
tcol 8-9208188 ar co 1 8-9208188 

r 00 1 8-8538720 ar oo 1 8-85-38720 



log 0-9030900 log 0-9030900 
log 0-7781513 log 0-778151.3 

log 0-6020000 log 0-6020600 



2)9-1.549021 



9-3590220 



2)9-6020601 



log Bines iA 9-5774510 iB 9-6795110 JC 9-8010306 
J^-22''12'27"-6 JB = 28°33'S9"-0 J C-39°18'53"-5 
jt = 44''24'65"-2 B - 67° ri8"-0 C- 78° 27'47"-0 
rerifoation. A + B+ 0-= 180° 



2. Given « - -8706, 6 - 



3. Given a = -5123864, 5 - 



-0916, = -7902; Snd tlie angles. 

Alts. A - 149° 49' 0".4 
S- 3° r56".2 
C— 27° 9' 3".4 

-3538971, c - -3090507 ; find 0. 
Am. (;-S6°18'10"-2 



146. Ihe computation by (270), nhen all tie angles are required, wili be : 
facilitated by tiie introduction of an auxiliary quantity* 



-JC' 



irom which we And bj (270) 






* This i^uantity r is the radius of tho iaseribcd oii'cle. See (280) 
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Etahfii. Given a = 6053, 6 = ^082, e = 7068. We find 

» = 8601'5 ar, 00. log 60654269 

«— o = J548-5 log 84062846 

« — i = 4fll9'5 log 3-3550904 

« — e = 1533-5 log 3-1856838 

2)6 -3 124843 

log!" = a.1562423 

J ^ = 2D° 20' 64"-47 log tan J ^ = log — ^ = 9'T49S577 

J .B = 17" S5' 81"-70 log tan J 5 = log -^—r = S-5011519 

} (7 ■= 43° 3' 33"S3 log tan § C = log ^-^ = 9-9705583 

ymJUation. 90' 0' 0"-0O 

Kg. 22. _ 147. Tlie case wliere the three eidea iire giyen is some- 

times solved ns follows. From C, Fig. 22, draw CJ" 
perp. to c. Then 

B ^C = Al»-\- CI", BC = Bl'^-\- CP' 
the difleronoo of wliieh is 

AC- — BG'' = AP- — BF' 
or (AC+ BC)(AC—BC) = {AP+BP) (AF — BP) 

and if AP — BP'=d, tJiis equation gives 

,;- '' + •)/'-■' p,., 

Then, since ^P-]- BP = c, and AF — B P = d, we have 

AP = Hc + d), BP=\[i — d) (274) 

and in tie right triangles AGP, BOP 



so that (278), (274) and (275) solve the problem. When d>c, BP ia negitire, 
cos 3 ia negative, and B is an obtuse angle, (Art. 80). 

Area of a Plane TKiAnaiE. 

148. Representing the area bj S", and the perpendicular OF, Fig. 22, by p, we 
have, by geometry, 

i- = ^ cj) (276J 

In the triangle ACP, we bavep ^ i sin A, whence 

K=ibcEmA=bc sin J ^ cos ^ ^ (277) 

by which the area is computed from two aides and tiia included angle. 
Substituting in (277) the values of ain J^ ajid cos ^Ahy (268) and (269), 

jr=^[.{»^«)(^ -*)(»-«)] (278) 

by wUch tbe area is computed from Ibe three sidea. 
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PKOELEMS RELATING TO PLANE TRLANGI£S 



CHAPTER IX. 

MISCELLMBOUS PEOBLEMS DELATING TO PLANE TEIANGLES 

149. In a given ploMS triangle, to find the perpmdiculaT from one of the angles 'ij'o- 
the oppoiiU side. 
Jjiip be the perpendicular from t?upon c. We have 



or bj (239) and (278), 

J. = |- ^ [. {. ^ «) (i ~ i) (. ^ .)] = ^ (280) 

tbe eipreasion for? in terms of the three aides, where j ^ J (i -f- i -]- c) and A' is 
the area of tlie triangle. 



If we aubstitute in (279) sin J = — sin C, it becomes 



or, if we BabBtitufe tie value of i ^ c -r—^, 

^ =" S^"C ^ " sTn (Z^Tb) 

WLen the triangle is rigtt-angled at 0, (282) becomes 

;i = sin ^ cos ^ = I sin 2 ^ 

(he expression for the perpendicular upon the hypotenuse. 
150. I? p',p", p'", denote the perpendiculars upon the 



/ ^ p"^p'" 2K 
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76 PLANE TEIGONOMETRY. 

151 To find tki radim of till circle drcumscribed about a plane tnangle. 

Kg, aa. The center of the circle, Fig. 23, lies in ttfi perpen 

dicula^r erected from (he middle point of one of the sidea, 
as AB. Let the radius = R. We hnve, by geometry, 

AOD= \Aon= a 
and in the triangle AO D, 




nAOD = 



' 2R 



whence fi ;= g . -^ 

Substituting the value of wn from (241), 
abe 



Fiom (229) and (230), we easily find 

cos J ^ cos J iJ COS J (7 = ^ 

which combined with (285) ^vea 



,sJ4cosJJ)cosi(7 



152. To find the radiaa of the circle inscribed in a plane triangle. 

Big- 21. The required center 0, Fig. 24, is in the in- 

tersection of the three lines bisecting tlie anglea, 
and each of the perpendiculars D, O E, OF, is 
equal to the reqnired radios ^ r. The Talue of 
Oi^ in terms of 4B = c, A B = \ A, ■■ •! 
J OB A = i Bis by (282) 



Bin J^A^mjB 

sinH--i+-e) ' 



This is reduced by m 



Substituting tlie value of tan J Q, 

r = if (^--°)('-t)(^-^) \ ^ £ 

This is reduced by means of (231) and (232) to 

r = s tan J -1 tan J £ tan J C 
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PHOBLEMS RELATING TO PLANE TRIANGLES. 77 

153. Besicles the inscribed circle, strictly so called, there ara three other circles 
that touch the three gidea, {or sidca proiiuced), and are exterior to the triangle, js 
in Fig. 25. These haye been named eseribtd circles. Their o 




geomBtrioaUr, by Mseotiag the eiterior angles 5 (7 (7', (75 B', &o. Deaignnte tho 
oenters of the circles lying within the angles A, B, and C respectively, hy 0', 0". 
and 0'", and their radii hy ;■', r", t'". We find the perpendionlars from 0', ko., 
Bpon B O, &c hy (282) to be 





t' = 


CO 


J B 00, i d 


_.. 


cosJB 

COS J 


osJC 






HB+U) 




r" = 


'■S 




= s. 


cos Jyl 

COS 


osi<? 




r"' = 


'■-\ 


M — !J! 


»,. 


cos*^ 


osiB 




}('! + '>) 




<? 


Bym 


ans of (235) » 


eredu 


e those value 


to 








r- = 8ta 


.1^, 


r" = 3 IQ 


JA 


/" = 


! tan J <7 


Substituting the values oft 


n J ^, Se. 










/ = 


■J( 


('-*)(=- 


')- 


^ 






r" ^ 


-J(- 


(—•)(— 


^) = 


K 

s — i 






r™ = 


-JC- 


(.—)(.-> 


-) = 


.K- 
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78 PLANE TRIGOSOMETRY. 

Also, Ijy means of (2S6) applied Buooessiyelj to a, h and c, we may reduce (291) 
it, the foilowln? : 

r" = (s — o) tan J ^ cot J £ cot J C 1 

r" = (a — b) cot J ^ tan J 5 cot J C L ;291) 

^" = (a _ e) oot J J cot i iJ tan J t? J 

154. Rdalions hetween the radii of Ihe HrcumicHbed, inscribed, and three escribed circiii 
pf tht precsdiag urtiele, and the three ■perpm.dioalars from ike angles upon Ihe opposite 

The four er[uadoiia of (239) and (298) give 



E' 





~ t{s 


-a){s~ 


A)(,_o) 


-¥S 




Dividing tills s 


onessiyelj by r 


, r'\ &c. 










r' /V" 




jt"/ 


-(• 


— )• 




^^ = {»- 


-*r 


rr'T" 


»(.- 


')• 


Again, we have 


(Art. 127), 










tan J 


^tanJ-B+t 


nMt»n 


J £7+ tan 


} J!t. 


■ iC-l 


and substituting 


n this the value of the ta 


ugeuta fron 


(2»2) 






r' f" + / / 


+ ^' r"' 


1__ \ 


J-" I-'" 




From (292) iva 


find 











(295i 



Jii-B- 



nJJ 



"!-» 



fcom which it follows tliat in Fig. 2G, tlio distances A D and B D', are equal (1>, D' 
being the points of contact of the circles 0', 0" with A B produced), and therefore 
B D=^A ly. Other curious geometrical properties may be traced with tlie aid of 

From (284), 

„_ i _ 

— 4 Bin J ^ COS J ^ — 4 sin i C cos J 5 — 4 sin J C 003 J C 

irhiot oombined with (287) anil (291) ^ve, by Art. 127, 
^ = 4 ain i J ein J B sin J C = cos ^ + cos ^ + coa C - 1 



5- = 4 si 



J 4 cos J iJ cos i £7=- 
: J ^ sin J ii cos J (7 = 
I M COS J -3 sin J C = 



.s^+c 



>3C+1 

)S(7+1 



jsJ + cosS — cosC+1 
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PR0ELES18 RELATING TO PIAME TRIANGLES. 79 

Changing tie signs of the first of these equations, the sum of the four 13 



FlDally, U ji', p",p"' denote the three perpendioulaca from the angles upon the 
Sides a, b, c respectivelj ne have bj (283), (289) (md (29T) iho following relation : 

7 + P + ;F=7 + P-. + 7=-7 P"'') 



T55, To find iU distance hdaeen the centers of the cirun 

Let P, Fig. 20, he the center of the circnmsorilied, 
and 0, Ihat of the insocibed circla. Put FO =^ D, 
y Aita 151 and 152, 



Ttserihed and inscribed circles, * 




2.grco9}(g+ C) 



158. Let PO = D', Fig. 20, 0' being the center of the e 
within the angle A. II r' ^ radius of this circle, we have. 



iribed eirole lying 
i iu the preceding 



i W eoa ^ j; eo3 ^ C 
sinj^ 



I'M"' 

D"^ = Ji" + 2 Pr" 
D"" = S* + 2 Ri'" 



* Hjmers' Trig. Appendix, Art. £ 
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so PLANE TRIGONOMETRY. 

tiie expressions for tlie distanoes of the centers of tlie tbree escribed circles from 
that of the oircumacribcd circle. 

The aiun of (300) and (301) gives bj (299) 

Zfl+ jy^ D"-' + it"" = 12 if" [302) 

157. Giaen Vmo tides of a plans triangle and the difference of Ikecr opposite angles, (or 
0, b, and A — B), to solve (ia triangle. 

We hare J (^ + S) directly from (220), -whicli also solves the case where two 
angles and the sum or difference of two sides are givec. 

158. Givm the angles and the sum of the sides, (or A, .B, C, ar.d o + J + c = 2 s). 
Kt (235) 

sinK 
"- -cosMooM-B 

ind a and h are found by similar formula. 

150. Given one angle, the opposite side, and th' »unj of the s'juares of the other tw» 
ndee, (or U, e, and o> + J' = s'). 

In the identical equations 

(o + i)' = e' + 2 ab, (a — i)* = e* — 2 ai 

substitute tke value of 2 ah given by (223), namely, 



whioh determine a -{• b, and a — i, and therefore a and b. 
To oomputa these equations by logarithms, let 

then (a+by = e' + ff', (a - b)' = e' — g' 

that is n 4- 6 is the hypotenuse of a right triangle whose sides are f and g ; and 
a — hia one side of a right triangle whose other side is g, and whose hypotenuse is b. 
Let the angle opposite y Tie tlcnotedby i in the first fiicngle and by a:' in the second, 
tten by the formula of right triangles 



a+b. 



BO that the problem is solved ty logariaims l>y fiuding log g from (303) and cm- 
ploying its value in (304). 

The above may serve as an example of a geometrieal method of introducing tha 
auiiliary quantiljes, which is occasionally useful. The analytical process in th! 
present instance is similar to that of Art. 143; thus 



.+. = ,J(i+f) .-._,J(i. 



O 
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PROBLEMS RELATING TO PLANE TRIANGLES, 
therefore if tan 3; =3 — we have 






vlieace the siuzie fonuolEe as before. 

160. Given an angle, its opposite eide, and the different of the squares of the other (1 
tides, (or C, 0, ajid a* — 5" = f). 

We have bj multiplying (233) by (234) 



sin (^ — B) = ^ sin C 

■wheuoe A — B, and since A-\- B =^ 180° — €, tlie angles are determined. There 
will be two aolutions given bj sin {A — B) except where the obtuse viilue ot A — li 
ia greater than A -\- B. 

161. Given the three perpendicalars from the three anffles vpon the opposite sides. 

Denote tKe perpa. upon a, h imd respeodyely by a', S' and </, and let 

1 .„ I „ T- 



If 1 = 2 area of the triangle 

aa- — bb' = e<^ = k 
and tiorefora 

Substituting these yalues of a, b and c in (225), (227,) &0. 

cos A = ^"'+/"7°". sm-^A^ (^" -i")(f-°") ^ &,. 

in whioh 2 1" = o" + 6" + e". 

162. ffiiiCTi the radii of the circumscribed and inscribed circles, and tks perpmdieular 
from one of the anglee upon the opposite side, to solve the triangle. 

Let e he the side to wiiioh the perpendicular (ji) is drawn. We have found for .H,* 
Bndji tlie expressions 

■S=o 



2smC^ + i;)-4slnH^ + ^)ci 


>Bi(.A + B) 


sin iAsiaiB 
'"'• sin^d+B) 




sin A sin B 
P = '-Sn-iA + B) 
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8;; PLANE TfilGOSOMF.TRT. 

Eliniinating c ttc Lavo 

A "■»''■""'■ <") 

frnm whict two equations j'! and B are to te found. Developing oos J (.4 + -B)» 

^ = 4 sin J J cos 1 yl sill J B coa J 5 — 4 sin" J ^ sin* i B 

= sin ^ Bin £ — 4 sin' J ^ sin' J JJ 
which, subtracted frijjn (™) gives 

tir „ 4 ,l„. , A .m- i B rt) 

DiTiding tlio square of (m) by (o), we find 



wLence 



= iS cos' J ^ eos' J £ 






The difference and sum of tliesa tw( 
•0. i(A + I)) = 



\{A~B) 




^ [2 i (, _ 2 ,)] J 

■nd therefore ^ and B. The sides 



163. /f! a given plane triangle ABC, Fig- 27, (o ^rf « 
poisil F ^ick thai Ihe thres Unee drjwn fiom (Aw point to Iht 
angUs A, B CTid shaU laaJte pifen angles mlh each other. 

Let the given angles be .B P C = « imd APC^ 8 

and the required an^-'ep PAC^x P B C ^= y 

S The Hum of the angles of the quadrilateral A CBTia 
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PROBLEMS RELATING TO PLANE TEIANGLES. 
In fta trlfljiglea APC,BFO.yie have 



.m,-.ln!,-...H'-») —1 
To compute this equation by logaritlima, let 



tten by (152), tan J (r — ;,) = tan (> — 45') tan §('= + !') 
BO that tlie anglea x and j( are found by (306) and (307). 

164. The folloiriDg problems ara proposed as exercises. 

In a plane triangle ABC — 

1, Given c, the perp. upon a =p and a + J := m. 







- (» + 


■c)(m — 

«!0- 


') 


2pc 




(» + 


c)(m — e) 


c, the 


peip. 


uponc 


_j,, ,.d 


it — t 


= ». 








4,' 


) 


• +J_ 




(■ + 


») ('-" 






.. 


.nJO., 


(' + 


2,. 



8 Givea C, e, and oJ = '/. 
, 2g 



.JC7 « + i 



i, Giyen C, tlie perp. from C = p, and n + i = m. 

fi. Given £?, tlie perp. from =p, and o — b = n. 

tnn 2 = — cot J O c = n cot J * 

6. Given c, C and a + i = m. 
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84 PLANE TKIGONOMETEY. 

7. QWen e, A, and a -}- * = ™- 

e perp. upon c ^^ f, and 

— Ji^-J^) 
... )(-» + *) = J [(- .,_,.) p':!',.,,,. )] 

T ■with, nn ausiliarj angle 



---K+S)(.-=rj, "•- 

9. Given the perimeter ^ 2 s, C, and t!is perp. from Q ■=l p. 

tan' I = ^ cot 4 t: o = s coa' ^ 

10. GiTcn e, a -(- i = ™ and the radius of the inscribed circle ^= r. 

11. Given c, a — i z= n, and tiio radius of the inscribed circle = r. 

tan X = i'+^H' zi ^ ) a+b==i:cot{x~ 4-5=) 

12. Given the radii r', r", r'", of tlie three escribed circles. (Arts. 153, . 54) 

1S5. Oiv(n Hit sides of a ^adrilata-al insa-ibed in a circle, to find its anglss and area. 
Fig. 28. In Fig. 2?i,UlAB =a, BC ^b, C D =, c, D A = d. 

Lel2i = a-i-b-\- c+ rf and/f = area of ^ ^ CZ* ; then 
from the triangles ABC, ADC, obsei'ving that B = ISO"— i) 
we find 




1 --i'-^'^f^' »-»--^ 


^M^ 


it = v/ [(■-")(• - ') (■ -')(•- 'n 


{80S) 
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SOLUTION OP TRIGONOMETRIC EQUATIONS. 



CHAPTER X. 

SOLUTION OP CERTAIN TRIGONOMETRIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OP THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
IS an angle, often depends upon that of one or more equations, in- 
volving different functions of the angle, which cannot he reduced by 
merely algehraio transformations. We shall select a few simple ex- 
amples of such equations from among those that moat frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin {a.+ z)= m sin 2 (309l 

in which « and m are given. We have, by (119), 

sin ( is + s) == sin » sin z (cot z + cot ») 
which becomes identical with (309) hy taking 
sin a (cot 2 + cot «) = m 
whence the required solution 

cotz = ^ cot* (310) 

If the proposed equation were 

sin(*-.) = msin3 (311) 



cots = -^-f cot« (312) 

sin a ^ 

Unless z is limited hy the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, 3 + 180°, 2 + 360°, z + 540°, &c., in 
general all the angles s + m tt have the same cotangent, [See 
(68), (79).] In most cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 360°. 
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«6 PLANE TRIGONOMETEr 

Similar reroarka apply in all cases where an angle is deteimine'l 
by a single trigonometric function ; but if the problem vi such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360°, since there 
cannot be two different angles less than 360° th,it have tho same 
sine and cosine. 

168. The solution of the preceding article requires tlio ut>e of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the following 

sin {a. + z) + sin a _ ^+^1 
sin (» + z) — sin a m ~ 1 

But by (109), ii x= ii->r z,y = z, we have 

sin (;t + z) + sin z _ tan (z + ^ a) 
sin (ii + ») — sin z tan ^ » 

which substituted above, gives 



which determines z+'^a, whence z is found by deducting \ x 
The computation of this equation is facilitated in most ca 
introducing an auxiliary angle, such that 



an assumption always admissible, since while tbe angle vanes from 
to 90° the tangent varies from to a;, so that an angle (p mii,y 
always be found having any given number as its tangent. 
We have then by (152), 

m + 1 tanip + 1 . ,_„, 

— -^ = ^ — ^--T- = cot (<D — 45°) 
m — 1 tan $ — 1 ^^ ' 

and the preceding solution becomes 

tan (p = m, tan (a + i ») = cot ($ — 45°) tan | a {'^V''>) 

The logarithmic solution of (311) is found in the same manner 
to be 

tan <p = m, tan (z — ^ «.) = cot ($ + 45°) tan I « (314) 
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SOLUTION OF TRIGOSOWETKIC EQUATIONS. h7 

169. To find zfrom the equation 

tan (» + s) = m tan z (315) 

We deduce 



tan {a. + z)+ tan s m+\ 
tan {a.+ e) — tan z m—1 




80 that by (126) and (152) the solution is 




tan <p = ffi, sin (* + 2 s) = cot (<p - 45°) sin * (316) 


170. To find z from the equation 




tan {a, + a) tan 3 = m 


(3171 


We deduce 




1 + tan (« + 3) tan 3 1 + m 
1 — tan (» + s) tan s 1 — m 




80 that by (12T) and (151) the solution 13 





tan $ = Hj, cos (« + 2 ») = tan (45° — <p) cos * (318) 

171. To find s from iU equation 

Bj- (108) Wfl find 

cos«-0O3(«±2^) = ±2sm{«±=)Bm2 = ±2m 
whenoe oos (a±2 3) = 00s jcqz 2ni (310*J 

which determines a ± 2 j, and hence 2 z. 

From (819*) we have four values of n ± 2 a between 0° and 720° ; therefore, four 
values of 2 2 between the some limits, and four values of z between 0° and 860°. 

In general, we sha,ll have four solutions under 860° in all cases where the douhU 
angle is determined hy a iingle function. 

Tho logarithmic aolulion of (319) varies with the signs of m and 2. Thus, if tin 

n lieing essentially positive, we ha,ve by {133) 

m'i. —«.•(.+».)-*.(- + ■)«•. -" 
ftnd by (133) again this ia aolved by 

o„-,_m, ooa'(. + J.)_.i. t» + i.).m(»-J.l 

and file other oases are aohed by aimilar methods. 
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88 PLANE TEIGONOMETKY. 

172, The preceding eiamples will eufBce to indicate tlie method to be followed 
with all the equations of tie following table. The solutions of the equations involv- 
ing cosines may be obtiiined from those iiiTOlving sines, by eicliangiug 2 for 90° :±: z, 
or a for 90° ± a. 

Logarithmic solutions of the first four will be obtained by imitating the process of 
Art. 171. 



n(«zt^)sin^ = «, 
m{«±^)cos^ = » 
.n(«±;i)cos^ = :. 
,s(«±^)sin. = «, 
n(*±.) = «.siu. 
,s(.dz.) = mcos = 



n{.: 



.) = 



n(«±27)=2«i-sina 

tan(j±J,) = cot{;.zjz45=)bm5« 
tan(i«±.) = tan(45°-.f)cotJ, 



^(4G'>-,l:.^.) = tan(15= 



-*■)' 



jiC«° + j«; 



10. tan(.:t^)^ 






.n (45° - J . =F .) = tau (45° qn *) tan ( J <. - iS") 
n ^ = m, cos (^ ± 2 2) = tan {45° zp *) --.s « 
n ^ = m, sin (2 a zt a) = oot (-(. zji 45°) sin a 



agles and their functioi 
should be prelixed to 1 



In the numerical solutions the signs of the a 
carefully obsttyed. The signs of the fnnctionf 
ithms, according to Art. 89. 

The aoiiliary angle * may be talteo numerically less lliaii 
positive or negative according to the sign of its tangent. It can easily be shown 
that we shall thus obtain the same values of s as by taking ^ in the 2d quadrant 
when its tangent is negative, or in the 3d quadrant when its tangent is positive 



es, but 



= 65° and m 


= 1-5190154. By (318) 




lost. 


* 


+ 0-1817337 
56° 39' 9" 






45° — 


— 11° 39' H" 




logta 


n [45° - J) 


— 9-314342S 






log cos a 


+ 9-6259483 


(45°-rico 


a = log 


os(«+2.) 


— 8'B102B09 


= + 


z 95° 


or 265° or 


455° or 625° 



• It must be remembered that in this employment of the signs -|- and — , these 
Wgna belong to the natural numbers ; and when the logs, aro addea or lubtracUd, the 
eign of the result is to be determined according to the rules of muUiplicalion and 
iaiificn in algebra. 



y Google 



SOLUTION OF TRIGOSOMETEIC EQUATIONS. 89 

lT3. To find zfrom iTie equation 

Pat ?■ = ^ -f- 2, i' = a — ^, then this equation, becomes 
emK + ^') = "'sm^' 
wWoUisof theform (309) nndmajbeaolTedbj (309») or (3U) ; thens = i' — 0. 

In the same maimer equations of this form, involving cosines or tUiUgsnta, raiLy be 
reduced to those of the preceding table. 

174. To find k and zfrom the equations 



We have, bj division, 



whicli gives two values of z, one less, the other greater than 180°, 
whence, also, two values of k from either of the equations 



The solution becomes entirely determinate {z not exceeding 360°) 
as follows : 

1st. When the sign of k is given. Por if A is positive, gin z has 
the sign of m, and cos z the sign of n, and z must be taken in the 
quadrant denoted by these signs. If k is negative, the signs of sin z 
and cos z are the opposite to those of m and n, and z must be taken 
accordingly, 

2d. When z is restricted by either the condition z < 180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If 2 < 180°, k has the sign of m ; and if 3 > 180" 
k has the opposite sign to that of m. 

3d. When z is restricted to acute values, positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and h will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, wo 
may always satisfy the conditions expressed by (320), 1st, by a posi- 
tive mimber k and an angle z between 0° and 360° ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180° ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180'^ ; and 4th, 
by a number k, and an angle z in the 1st or 4th quadrant. 
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To find h ai.d z from (320), {k being a positive number), wlwwi 
n = - 0,307626S, » - + 04278785. 



(5) 
(.)-(=) 



/C COS s 
gisin^ 

g ft COS 3 

\os ta,n 2 



log A 



~ 0.3076258 
+ 04278735 

- 94880228 
4- 9.631314T 

- 9-8567081 
324° 17' 6".6 
~ 9-7662280 
+ 9-7217948 
+ 0-5269808 



Upon this problem and the deductions we have made from it, resta 
the method of introducing the auxiliary angles required in solving 
many of the formula of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the foil owing article. 

175. To solve the equation 



I + 1 



(321' 



m, n and q being given. 

The first member will be reduced to the form k sin {i^ + ^^ by a 
Burning h and <p such that 



h cos <p = n 



(322) 



Bin (4, + «) = ^ 



(323) 



Therefore, if h and p he found from (322) by the preceding ar- 
ticle, ih being limited to positive values), we can then find by (323) 
the value p + 3 and therefore of z. There will be two solutiona 
from the two values of (p -f- s given by (323). 
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If wc restrict $ to values less than 180°, (as we may do accord- 
ing to the last article), we may find it by tlic eqaatioit 



sin ($ + s) = — sin if = — (.■! 



and in this form it will be unnecessary to find ^,* 



(324) 



To find s from (321) when m = - 
and } - - 04316893. 

Bj (322) and (323). 

log m = log ^ sin tp — 0-0211203 

log K = Iog&co5<p +9-8731402 

iogtancp —0-1479801 

tp 305° 25' 20" 

logBin((, -9-9111059 

log k + 0-1100144 

log} -9-6351713 

log sin (,p + ») - 9-5251569 

199° 34' 40" 

or -340° 25'20" 

-105° 50' 40" 

or 35° 0' 0' 



p + 3 - 



1-0498332, n - + 0-7400838, 

Bj (324)- 

logra —0-0211203 

log I! +9-8781402 

Iogtancp -0-1479801 

(p 125° 25' 20" 

log Bin (p +9-91110.59 

log} -9-6351713 

apoologm -9-9788797 

log sin (cp + z) + 9-5251589 

19° 34' 40'- 

,r 160° 25' 20" 

- 105° 50'40" 

or 35° 0' 0' 



<P + 



the first of these solutions, 



To avoid the negati"* value of 2 
we may take for the first value of 

<pA-2, 360° + 199° 34' 40" = 559° 84' 40" 
whence 2 = 559° 84' 40"~ 305° 25' 20"= 254° 9'20". These 
cond solution gives a like result. 

If we suppose $ in (324) to be limited to acute values positive or 
negative, we take $ = — 54° 34'40", which gives (p + z= 199° 34' 40," 
or 840° 25' 20", whence the same values of 2 as before. 

Wo may repeat the latter part of the work with cos $ for verifi' 
cation. 



ailding the squares of (322), 1? 



by (328), impossible lyhen -|- ia greater than unity; and by 
i*; tlierefore the solution is imp oasible when 
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176. To lalie Ih) eqi.^lion 

a ain (:. + .) + * sin {ji^ z) ^ c^m {y + z) + &o. = q 

Dereloping fay [3f)} and putting 

a sin « + i Eim ;3 4- c sin ). + &c. = m 

fiiis Iiecomes 



LO preceding article. Tlie sf 



;s applies if aJiy oi' all of 



177. To find hand i from the equalioii 



k .in („ + ^) = m 
Asin{5+^) = „ 

n and difference of tliese equations ave, bj (10a) and (lOB), 

2 i .In [}(. + ») + ^] o« 1 (• -«) = " + • 
2 i.o. [J (. + ») + .] .In J (._«) = »-» 



2J,in [!(• + «) + .] = - 



» + » 



2ioo, [!(. + «) + .] = 



«!(■-« 



from wMoh 2 f and J (a -{- ^) 4- z are determined bj Art. 174. Tlie logs, of the 
second member, of tbese equations sbould be oomputed separately, for the putpoaa 
of readil; disooiering the signs of the sine and cosine in the Urst members. The 
solution is determinate (according to Art. 174) when tlie sign of k is given. 
From (327J we find, by division. 



» U (■ + II) + ■] 



» + « 



iC-») 



wliicli requires a less number of loga. tlmn tlie separate computation of (327), but 
we are obliged to refer to (327) to determine (by an inspection of the second mem- 
bers) tie signs of tlie sine and cosine. 



e may compute (328) by tlio formula 

!«>[!(■ + «) + ']- '■» («" ■ 
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In (326) ^ven a = 200", ^ = 140'', m = — 0'42345 and ?i = — 0-20123, tn 
And z and k, k being positive. 

By (327). 

m 4- n — 0'02468 

m — n —0-22222 
f(- + ^) 170= 

5 (- - ^) 80" 

log(i™ + n) —9-7350575 

log cos J (<■ — (3) + 9-9375306 

(o) log 2 it sin [H" + ^) + 2] — 0'858127O 

log (m — n) — 9-846;831 

log sia J {., — j3) 4- 9-6989700 

(*) log 2 * COS [i (. + ;3) + z] — 9-ei78131 

ro) — (b) log tan [J (o + ^) + s] + 0-2103140 

J(. + 5 + j) 238''2r38".6 

2 68''21'38"-6 

(c) log Bin [H- + (S) + J] —9-9301171 

(o) — (c) log 2 * + 9-9280039 

2 1 0-8'l724G7 
i 0-423023* 
178. A more geneml solution of (326) is tiie follon-ing.* Let j be any angle as- 
Enmed at pleasure, and in (171) lot 

(disUngaisliing the z of (171) by an accent) ; tlien we shall find 
Bin(B-^)sia(y + ^)= ain(»-j.)Bin[^+2)-9iu(^->)siii(»4-=) 
In tliiii lot J. (whose Talue ia aibitcary) be eiebanged for y -]- 90" ; tlien 

■fa(— ffl.o,(>+ =) 00. (.-,) .In («+ ^) + ».(«-).) .m(. + <) 

Multiplying these equations Iiy ft and substituting m andn from [326) 
tsin{«-^)sm(j + .) = ™sm(j.-^)-«ain(>-a) 1 

isin(«-j3)eos(j.+ .) = ™oos(j.-5)-«o03{^-a) f ^ ' 

nhieh (j, being assumed at pleasure), determine i and t- -h ^ 
If we take j. = 0, bo find 

.„..„ --■"'+'■"■ 



= /?, wo havB a similar result. 

i J (a + tf) we obtain tJie solution of the preceding article, 
required, without first finding i, we haie, by adding the squar 
isin (a-e) = v/ K+«'-2».t!C0s(.-,g)] 

* Gauss. Theoria Molus CoTponim Cxlnlium, Art. 78. 
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1T9. To find k and i from the equations 

These are reduced to Uie form (320) by Bubstituting 90° + ■> aad OO" + ^ for a and (J. 
TTe find, however, by a process similar to that of Art. 177, 



2Jooa[J(- + C) + ^] = 






(335) 
cot [J (. + ^) -(- z] = tan {45» + *) tjm J (- ~ 5) 

= 280° 16', (5 1= 200=* 10', m = — 0'62342, and 
g positive 






= 207'>6'a4"4 i = i>o; 



180. The more general solution of (338) may be found directly from {172^, but 
it wm be simpler to obtain it from (330) by BubsUtuting 90" + a for n, and 80° + 
for^, whence 



iEin(.-5)Ein(y+.) = 
ABin(.-/J)cos(y+^) = 
> beiag arbitrary as before. 
If y = 0, we find 



n(,-S-»«n(,-.) 



If V 



lit 



«(.-« 



i,i.(. + .)_- 

Je.s{. + .)_m 
If y = J (n + j3), we obtain tlie solution (334). 



If 4 ia required directly, the sum of tlie squares of (336) gives 
t Sin (. - (?) = .^ [m- + n* - 2 mn cos (. - 0)1 
bi. in Art. 178. 

iSl. I'he sulutions of the preceding artiolea may be applied to a flingle equataon 
ot the form 

«Bin(. + ^) = mdn(d+j) 
iihioh ia a more general form of (309). For if we asauue 

l.in(. + .)_» 
ira have ^^ sin ((?-{- z] = n 

whence k and i are fonnd by Arte, 177, 178. 
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18! In like manner, if ilio proposeJ cquatioa is 

k COS (. + .)= ™ 
wlience k ooa (,9 + s) = n 

nnd k and i are found by Arts. 179, 180. As tlio sign of S (in tlils nnd tlie proesil- 
ing iii'ticle) may bo arbitrarily assumed, tliere will be two solitiona. 

NfHEEICAL EciUATIONS Of THE SeCOSE AND ThiKD DEGREES. 

183. To loJwe the equation 

i? + px+g^O [83B) 

wAen q is esieniudhj poiiUvt, and p eiiher positive or negative. 
We bave from {Hi), eschanging x for #, 

tan" i * — 2 cosBO * tan J ?> + 1 = (339) 

end (338) may be reduced to tbis form by substituting 

In wbicb we may take the radical only witli tbe positive sign, since we may assume 
X and 2 to haTe the same sign. We tlius reduce (338) to 



wbicb compared witb (839) gives 



or siu J, = _ 1^lJ{, i = v'!tanj? (840) 

wbieb gives two values of J less tbaii 300° and consequently two yalues of x. If 
flbe tbe least of tbese two values of ^ loss than 300° (= 2^), all tlie values of $ wbich 
hive tbe same sine arc 



and all tbe values of tan ^ f are 

tan 5 fl, cot i e, tan J d, cot i e, &o. 
Hence the two roots of (838) are fou,id by tbe formula 

BinS= — =-i^, I, = ^V"ta.-i i 9, s, = v'7ootJ-? (34:j 

■n wbich 8 may be always taken < 90° with tbe sigu of its sme, and ^ j is to be re- 
garded aa a positive quantity. 

As long as 2 ^jisnotgreater than p, tbis solutionis possible, but when 2 v'ff^i', 
sin 8 is not passible, and both roots are imaginary ; wbich agrees with what is shown 
in algebra. 
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184. To solus (he equation 

wieji — J is esssniially negative, p being either positive or iieg 
We hnve, by (143) 

tan' J $ 4- 2 cot ■; tnn J ^ — 1 = 
and (342) 13 reiluccd to this form by substituting 

wliecce j' + — ;- 2 — 1 = 

Ihc lequLred solution is therefore 



» tan» ^, i_^,t.n!, (343) 

IE e is the least Tulue of *, all the values of f which liive the same tangent are 
e, ff + 9, 2 ff + #, 3 ff 4- 9, &c. 

nud all the values of tan J $ aro 

tan J 6, — cot Jfl, iiui Je, — cot J S, &c 
Therefore the two roots of (342) are found by the formulae 

tan6 = ^, :t,=^7taiij9, ^^-^^lootle (344) 

in which, as before, the radical is to be taken as positive, and e < 00° witli tlio sign 
of its tangent. 

In this case bott roots are real, since tan 8 is always possible. 

185. To solae a numerical equation of the ihirddegree. It is shown in algebra that 
any equation of the third degree may be reduced to ona in which the 2d term is 
wanting ; we need consider therefore only the form 

.■ + ™+i = (»15) 

To resolve this, put 

wound (S,.+ a)(j, + ,) + iC + !'+i_0 



3ji + o = 
n of the preceding equation to 0, and gives the ti 
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■0 that, by the theory of equationa, (, and (, are the two roots of an equation of th* 
•ecood degree in which the absolute term is — -^ and the coefficient of tlie second 
tern is b ; that is, they are the roots of the equation 

If then we find the two roots (, and (, of (/n) by the preceding methods we shall 

It irill be neoesaary to consider tie sign of a in the equation (m). 

let. Whma it positive, (m) comes under the form (342) and the solution by (84i) 

"""tJS- '.-JJ<»i'. <.--J|-»ti. 

and by (n) 

»: = J-|(-^ tan J fl - ^ cot J fl) 

taaj* = ^toni0 
this becomes, by (142) 

Collecting these results we have, for the solution of (345), mheti a is positive, 
tan9=lj~, tan if = ^ tan 59 
X = ~ 2 /-^cot* 



'•Jw'"'Ji 



in irbich the radicals ( — - and I — are to be considered positive, and a is to be 

tttten < 90° with the sign of tie tangent. But two of the three ralues of ^ tan ^ ( 
being imaginary, the given equation has but one real root.* 



* If r represent the real value of -^ tan J 8, and a,, «, the two imaginary root» of 
unity, the real valne of z ii 



and llie Imaginary valui 



-JT('-7) 
[ 
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2'i. When (I is negative and — 4 n' < 27 i'. EqualLon (m) 

<• + '•+{-§)-<> 

and is of tie form (338) ; its roots are therefore found hy (341) which ^ves 
Or if we put, ns before, tan J a = ^ lau J fl, the solution of (345), iiihm a is ntg 

■""-— U~2T '■■J«-*".ul 



^J~f 



which giyea one real root, (the otlicr two being imagiaary, as above), when sin S 
possible, i. e, when — 4 o' < 27 J*.* 

Snbstituting the values of b, and iij 



r = ..i, l = ootj. 

= J f- (cot * - ooseo ^ ^ — S) 



ir finally, a:, heing the real root, the imaginary loota are 
= — ^ — ^'-^^ sec v/ ~ 1 



* The two imaginary roots will be found, lij a process similar to that employed 
in the preceding note, to be 



.s^V' — 1 



n whir;!i x, is the reil root found bj (347). 
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ad. When aisnegalitieand~~ia'>21b*. In this casa ain 0, in (347), is impoasibl* 
and the preeeding Eolution Mia. This is the irrsduciiU case of Cardan's rule, tie 
roots appearing under ima^narj forms, although it is linown that tliey are oil three 
real. It ia, however, readily sohed trigonometrioally. 

In Alt. 77, putting f for x, we hare 

sin' * — J sin * + J Bin 3 * = («') 

and (345) may be reduced fo thla form by subatituting 



-J^l 



in which Hie radical ia to bo taken positive, so tliat i and z shall havetho sa 
Comparing (m') and (n') we have also 

whiiih is a possible sine in the present case. We may therefore take 



-y-? ■— j^ 



which gives three real roots l)y the different values of 3 p. which have the s 
If fl is the least of these values, all the values of 3 ^ are expressed by 





2n»-+a and 


(2»+l),-( 




ly integer i 


ir ; and all the values of f are expressed br 


* 


= ?f. + j.. 


. 2^ + 1 


.-J. 


itegers are included in the fori 
8 m, the above valuea of ^ ars 


n. B ■,!!»+ 1 , 


miSm — l. 


* 


= 2»»+i«, 


,_2„, + i. 


■-}• 




Bill * = sin JO, 


sin; = sinJ(T 


-•) 


0m+l, 


we And in the srae 


miiy 




sin, 


, = ,inj(,_»). 


sin,_l» 




3™ — 1, 


we find botl, Tnlnee 


to be 






sin f = — 


sinJC + ') 
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so :Jiat tnere are but three different valuaa of sin f. SabBtituting these in '348), 
ihe three roots of (345), uj/^n a is negative and — 4 n' > £7 i', are found by 

.,=2j-fsini8 

7^=2j-^ sini(^-9)= 2j-|sin(60--ie) 

j:,= _2j-|sraj(^+e) = -2j--| sin (60°+ J 8) 



in which 9 < 90= with the si 



3, and the radioaia are taken with the pi 



1. SoWe (345) when a = 



Examples. 
elOlSlS, b = — 5-766578. We find 



iJ-i—'-« 



which being greater than any log, sine, we take its a 
proceed by (349). Then 


ithmetlcal eomplement and 


log sin = — 9;S974349 
S = — 83= 46' 44" 




J a _a7»55'84"-7 
log sin — 9'6705571 


G0°— je 87° 65' 84" -7 
9-9997155 


-(60''4.Jfl)-82M'25"-3 
— 9-7251024 


log 2 /— 4 0-4551811 


0-4551811 


0-4551811 


logic, — 01257382 
X, = — 1-335790 


log I, 0-4548906 
I, = 2-850339 


log I. _ 0-1802836 
x,= — 1-514549 


2. Solve (845) when a = - 
Am. I, 


7, and 6 = 7. 
= 1-356806, -^ = 1-692 


021, K. = — 3-048917. 



8. Solve (345) when « = 1-5, and S = 
le observed that the algebra 



Ani. The real root = 8-416897E. 
n of the three roots is always zero, 



in 



ooiiseiiuenoE of the abaenco of the term in x' from the given equation. Tliis is easily 
shown from (349) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple verifica- 
tion of the values found by (349). 

* The sign — here belongs to the number of which this is the logarithm. 
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DIFFERENCES AND DIFFEREKTIALS. 



CHAPTER XI. 



186. In the applications of trigonometry, it is often required to 
compute a function of one angle from that of an angle which differs 
from tho first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angle, corre- 
sponding to a given increment of the angle. 

Let the angle x be increased by A x, (this notation signifying dif- 
ference, or increment of x), and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
A cos a: ; we have, by this notation, 

A sin a; = sin(a; + A») — sin a; 
A cos a; = cos (x + Ax) — cos x 
and by (106) and (108) 

A sin ;» = 2 cos (a; + ^ A x) sin J A a; (350) 

A cos 3^ = - 2 sin (a: + J A a:) sin i A » (351) 

which are the required formulse, 

We here consider the difference always as an increment, i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be in fact a decrement. 
Thus, in (351) the second member will be negative so long aa 
X < 180°, and therefore the increment of the cosine is negative ; 
tbat is, from 0° to 180° tlie cosine decreases as the angle increases. 
In like manner A sin x is negative when x > 90°, and < 270°, 

188. To find the increment of the tangent and cotangent. "We have 

A tan X = tan (x -{- Ax) — tan x 
A cota; = cot (a: + A a;) — cot x 
and by (116) and (119) 

Atana!= —, — r -. , = sec(a; + A«) sees: sin Aa; (352} 

cos (a: + A a:) cos ^ ^ ' ' 

■ ""'■ cosec(a;+ Aa;)coseca:sin Aa; (353) 



sin(a; + Aa:)sin 



y Google 



102 TLANE TRIGONOMETRY. 




189 Tr. find ills Cerement of the secant and coucant. IVe have 




ABe<,;.= seo(. + A.)-seox 




ACom^ = oo«ooC^ + A^)-cosoo. 




orby(I30)aQii(132) 




_^^^ 2Bin(^-i-M^)smjA:. 


(354) 


■ cc-ccv -2cos(^ + ^A=r)BmiA^ 


(3551 


sin (1 4. A i) sin I 


100, To find the increments of the squares of Ike trigonometric fandiom corresponding 
to a given increment of the angle. 


We have 




A sin' ^ = Em' {x + Ax,- sin' j: 




= cos' I — COS' [l + A r) 




wlienee bj (133) 




A sin' I = — A cos' 3: = sin (2 3: + A r) sin A x 


(3S6) 


From (115), (116), and (110) wo deduce 




tan'. tan- J. -" (- +y) -° (— .V) 




cot':. cot'- -s!n(. + y)«m(^-!') 








Whenw 




Ato.-.- -"(2- + ^-)=-'^- 


(3S7) 


, -Ein(2i+Ai)BiiiA:< 


(338) 


^"0^ ^- Bin' (^ + A ^) sin' :. 


From (16) we hare 




sec' (^ + A I) = t»n' (^ + A ^) + 1 




sec' a: = tan' x + 1 





Jhe difference of which gi^es 

and tlie values of A tan' x, a cot' x, may be substituted in (359) and (360). 

191. When the increment of an angle, or arc, is infimtehj small, 
it is called the differential of tho angle, or arc ; and the correspond 
ing increments of the trigonometric functions ave the differentials of 
these functions. 

The differential of x ia denoted by dx ; of sin x'hj d sin a:, &c. 
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192. To find the differentials of the trig onometrie functions from 
the differential of the angle. 

Let tlie angle x and its increment Aa: be expressed in tlie unit of 
Art. 11, 01, which i? equivalent, let x and Aa: be the area which 
measure the angle and its increment in the circle whose radius =» !• 
It is evident that the less the arc, the more nearly does it coincide 
with its sine oi tangent ; therefore, when Aa; is infinitely small, or 
becomes dx, 

sin dx = dx sin ^ iJa: = ^ dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx = 1, whence 

sin dx , , 

— = cos ax=l 

tan dx 

sin dx = tan dx 
but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

dx = sin dx = tan dx 
Again, when Ax is infinitely small, or becomes dx, wo must, ac- 
cording to the principles of the differential calculus, reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute x ioT x + dx, or for x + ^dx. 

Upon these principles we find the differentials directly from the 

finite differences (350), (351), (352), (353), (354) and (355) as follows : 

d sin a; = cos x dx (^^1) 

dcosx= — sin X dx (362) 

dta.n X = see^ xdx = (l + tan'^ x) dx (363) 

d cot x = — cosec' xdx — — [1 + cot^ x) dx (364) 

d see X = tan x sec x dx (365) 

d cosec X =^ — cot a: cosec x dx (366) 

las. In the same manner tlie equations {3513}, (357). (358), (359) and (360) giTO 

dBia^x = ~ d COS" x = sm2xdx (367) 



I — __ — ii (369) 

— Bin 2 I 

; = -. j dx (3'(0) 

t=~-l^^!L^dz (3711 
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194. Although the equationa (361), (362), (363), (364), (365) and 
(S66), are rigorously true only when dx is infinitely small, they may 
be used when dxis & finite difference, instead of the equations, (350), 
(351), (352), (353), (354) and (355), provided dx is sufficiently small 
to he considered equal to its sine without sensihle error, and is also 
very small in comparison with x. This is very frequently the ease in 
practice, and the differential equations are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arc, i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art, 9. 

195. To find the differential of an angle from the differentials of 
iu f -unctions. 

Fioffl (361) we have 

rf»-l=i (372) 

COS a; ' ' 

but it is convenient in this case to employ the notation of inverse 
functions. Art. 87- Thus, if ji = sin x, x = sin "^ y, and the preced- 
ing equation becomes 



In the same manner from (362), &c., we find 
"V"(l-y'J 



(375) 
(3T6) 



' y ^^ (s - 1) * 



^°°"'' '*~y^7^j^ *''*' 
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CHAPTER XII. 

HIPFBEENCES AND DIFFEKENTIALS OF PLANE TRIANGLES. 

196. In trigonometrical investigationB it is f%.29- ^ 
often necessary to determine the effect of a 
small change in one of the data, upon the com- y-'^ 
puted parts. 'Thus, I'ig. 29, if A^ AB and y' 
A G, of the plane triangle ABO, are the data, "^ 
and AO h subject to an error of C C, the required parts will be 
subject to errors which are respectively, the differences between 
AQB&nAAO'B,ABGa.niABO',BO&MBO: In the same 
figure, the data may be supposed to he A, AB and AB C, and the 
.angle ABQ may be regarded as subject to the error B 0' which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be A, A B, and A OB, A OB beiug variable ; 
or, A, A B, and B 0,B being variable. In all these instances, A 
and A B are constant, while the remaining four parts are variable, and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
genera] problem ; 

In a plane triangle, any two parts being constant, and the rest 
variable, to determine the relations between the increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli- 
cation of the increments, as the derived triangle. 

197, Case I. A and c constant. The six parts of thegiveu triangle, 
ABO, Fig, 29, being A, B, 0, a, 6, c, those of the derived triangle 
formed by varying all but A and g, are A, B + AB, + aO, 
a 4- Aa, b + Ab, and c. In these two triangles we have 

A + B~i-0= 180° 

A + B + AB+0-i-AC= 180° 

whence aB+aO^-O, aB = -aO (379j 
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Also in the tn'O triangbs we liave 

a — e sin A cosec (»m) 

a -i- Aa = a s'm A coscc (C + aC) (n) 

the half difference of which by (355) is 

, _ csmAcos(0+ ^aO) sin^AO , ■. 



sin Csin ((7+ A(?} 

^Aa __ ^ A(( _ ttco3(0'+^a0' ) 

sm^AB ^n^AO sin{C+ aC) 

The half sum of (m) and («) by (131) is 

_ sin A sin (C + j A^?) co a \ aO 
a + ^Aa- siaGsm{0+ AO) 



which combined with (p) gives 



tanjA-S" tan i At" tan (t?-)- J A<?) 

From (260) we have 



~ h-ccosA 
whence 

J — c cos J. = c sin A cot O 
h + Ab — cco3A = osmJ cot(t7 + AC) 
the difference of which by (353) is 

esii\A sinAC 



Ai 



iAB~ sin AC" Bm{0-i-AO) 



(380) 



^^ (381) 
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This equation gives by (135) 

__ I a5 a 

sin ^ aO cos i aO sin {0 + Af ) 

md dividing (380) by this 

A« _ cos [ O+^aO) 
Ah cos ^ aO 



(383) 



It is to be observed tbat tiie increments (or half incremoTits) of 
the a.ngles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small are being nearly equaj to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art, 9, or Art. 54. 

198. Case II. A and a constant. We have as in the preceding 
case a£ — — aO; and in the two triangles 

bsmA= a sin B 

(h + Ab) smA = a sin (_B + aB) 

the difference and sum of which give 

I Ah sin A = a eos (-B + | A^) sin J aB 

(6 + J Ah) sin J. = « sin (5 + J aB) cos I aB 

whence by division 

5_+fA6 



tan ^ aB 


tan J aC 


tan (jS + ^ aB) 


In the same way 






^A. 


1 ■ ff 


c + ^Ao 


tan I aO 


tani a5 


tan (C + ^ aO) 



From tile equations 

Clin A -a sin 
{c + Ac) sin ^ = a siti (C -f A(7) 
re find ^Acsin^ = ac03((?+ J AC) sin ^ AC 



W 



(384) 



(385) 
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which combined with the ec[uatioQ (p) gives, since sin |A(?=— am^AB, 



Ah cos (£ + ^ aB) 

Tc~ cos (C + ^ AC) 

From {p) we also have 

I Ah _ I Ah h cos {B + l aB) 



(386) 



Jn IaB~ Bm^AC^ sin B '^^^' 

which, when A 6 is to be founcl from aB, is more convenient than 
(384). In the same way from [qj 

^Ac ^ _ _±_^e_ ^ c cos (C+iAO) ,ggg 

ain J aC ^ sin ^ a5 sin Q ^ 

399. Case III. J tujii? c constant. We have 
c sin £ = ^ sin C 
tf sin (S + aB) = ;< sin (C + aO) 
the sura and difference of whicli give 

c sin [B+l aB) cos J aS = fi sin (C + i aQ) cos 1 aC (p) 
ccos (£ 4- ^ a5) sin ^ AjB = J cos {0 + ^aO) sin i A(? (?) 
the quotient of these gives 

tan I aB _ t an {B + j- :.B} . „ 

tan^AC tan(C+iAG') ^ ' 

By (224) we have 

« = 6 cos C + c cos S 
a + Aa = b cos {0 + aO) -i- cos {B + AB) 
the sum and difference of which give 

« + iA« = 5 cos {0+ I AC) cos ^AO+ecos {B + | aB) cos | aB 

— ^Aa = 5Bin(C+ jACOsin|AC+ c8in(B + J AS) ain i AS 

Theso expressions are reduced by (p) and {q) to 

a + ^Aa=ccos(B+|AB)cosjABeot§AC(tan^AB+taniAC) [r) 

— jAa=(!sin(B-f jAB)cos^AB(tan|AB + tan^AC) (a) 

and by division 

i^'^ a + ^Aa gg., 

tan fX^ cot {B j-^aB) ^ ^ 
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Ie the same way we have 

|-ia a + ^Aa 

tan ^ A-B "~ cot{C+^A6^) 

Since the sum of the three angles is constant, 
aA + aB +aO=0 
^ {aB + aO)= ~^aA 
therefore hy (115) 

tan iAiJ + tan J iC- JMM+^ 

_ sill 1 A^ 

eos^ aBoos^aO 

which substituted in (s) gives 

^Aa _ c sin (B + ^aB) 
Bin I A-d cos ^ aC 



and in the same manner 



^Aa ^ 6sin(g+^Ag) 
sin^Ajl co3|A-B 



Substituting (() in (r) we find 

sin ^ aO ecos {B + ^ aB) 

sin I A^ a + ^Aa 

, , sin^Afi Scos((7+|A(?) 

fhence also -^—, — j- = V-tt: ^ 

sm ^ A^ a + J A a 

By differencing the equation 

a^ = b^ + o^ — 2hc cos A 

re find instead of (392) and (393) 

^ Art Sc sin (^ + ^ A-A) 

sinjAJ. ~ a + ^Aa 



(394) 
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200. Case lY. A and JB constant. We have 



In tliis case the third aagle is also constant and there are but 
three variahJes related hy the equation 



Bin A sill if sin (7 



(397) 



This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (395), (896), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations by successive approximations. 

For a Jirst approximation ive consider the increments in the second 
member to be = 0, employing B ior B + ^ aB, kc, and taking 
COB ^ A-B = 1, &c. This will evidently produce but a slight error 
BO long as the increments are small as compared with the entire 
parts of the triangle. We then obtain a seoond approximation, by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an infinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com- 
puting by diiferential formula;, rather than by the direct formula 
applied to each of the two triangles successively. 
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Example. 
In a plane triangle ivlioae parts are 
^=68°41'48"-9 ^ = 35° 11' 3"4 C= 86° 7' 7 '-7 
a =.6053 6=4082 c = 7068 

let A and a lie constant while h is diminished by 50-5; to find the 
change in the angle B. 

"We have in this case a6 = — 50-5 ; and by (387) 

. , ^ 4A5sin_B 

■^ 6 cos (5 + ^ aB) 





1st Approx. 


2d Approx. 




J AS 
S 


- 25.25 
4082 






B 


SS- 11' 


35° 11' 




i^B 





-16' 




B+iAB 


35° 11' 


34° 66' 




logi a5 


-1.4023 


1 




ar. CO. log. b 


6.S891 


\ - i-misi 




log Bin iJ 


9.7606 


J 


ai'. c 


.l.cos{ii + ^AB) 


0-0876 


0-0863 




log. sin i aB 


- 7.6396 


- 7-6388 




JAB 


-15'0" 


- 14' 56"-8 



It is evident that changing the angle B -^ \ aB hj only three seconds 
would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally aB == — 29'53"-6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 

DiPPEEENTIAL VARIATIONS OF PLANE TRIANGLES. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(387), (388), (389), (390), (391), (392), (393), (394), (395), (396) and 
(397) become differential by making the increments infinitely small, 
that is, hy omitting the increments when connected with finite quanti- 
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ties by the signs + or — , and substituting the increment itself for ita 
sine or tangent, and unity for its cosine, (Art. 192. J The character 
d must also be substituted for A. These changes being made, we 
casHy deduce the following differential relations. 
Oabb I. A and e constant. 





dB^-dO 


da 
dB^ 


da 


di 


dl a 


dB~ 


dO sinO 




da 

-r; = cos 



Case II. A and a constant. 



dB= - dO 
-41- ScdtiS 







di 
da 


coa 


B 

C 


OiBB III. 


6 and 


constant. 








dA+dB+dO= 











dB tani? 










dO~U-iia 







(399) 



-dO — '""-®' Jb~- 

■^ a . 

-r= OBmB=bsmC 



(400) 



dA 



dO 
dA' 



- coa B, 



dB _ 

dA~ 
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DIFFERENTIAL VARIATIONS OF PLAKE TRIANGLES. 
Case IV. The angles, A, B, 0, constant, 
da _ db _ da 
sin A. sin £ sin C 



(401) 



203. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite diiferences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, tho first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the\rosult of the first, it ia 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 
Thus if dB is given in seconds we must divide it by It" = 206264"-8, 
or substitute dB sin 1" for dB. 
dA 
^~d£' 

cessary provided the two increments are always expressed in tho 
same unit, as minutes, seconds, &c. 



Example. 
In a plane triangle whose parts are 

^ = 58°41'4S"-9 B = ^5° IV S'-A 6* = 86° T 7"-7 

a = 6053 b = 4082 e = 7068 

suppose b and c to be constant and the angle A to receiva the incre- 
ment dA = 20"-6 ; find da and dO. 
From (400) we have 

da = dA sin 1" c sin B 





dO-' 


- dA. 


;cosB 




\iigiA 


1.3139 




Iog(-<J.^)- 


- 1-3139 


log sin 1" 


4-6856 




log. 


3-8493 


log a 


3-8493 




log oos B 


9-9124 


log sin B 


9-7606 




.p. 00- log « 


6-2180 


logiia 


9-6094 




logic - 


- 1-2936 


da 


0-407 




dO - 


- 19"-7 
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204. The error of emplojing the differentials in any case may be determined ap- 
proximately by doTBloping tlie equation of finite differences and ooniparing it with 
the corresponding differential equation. We shall select a simple eiample. 

We have from (387) and its oorrespondiiig differential equation in (399) 



the first of whiah when developed giyea 

i Ai = J „. J! .ta i »if - ii=i|±i^ .1. ! 4JJ m i aB 

or substituting sin J aB = | iB sin X", sin J iB = J aB sin 1", and also B for 
B + J- i5 in the second term, which will affeet go small a term but slighfly, 



Comparing this with tlio 
latter is approsimately 



^(ABsinl")' 



which for aB = 1= is — '000015 b. 

It appears from this example IJiat the error is expressed by a term Imolying the 
iqvare of the increment ; and if we develop all the equations of finite differences we 
shall find that they differ from the corresponding differential equations by terma in- 
volTing the squares and bigher powers of the increment. Hence, employing the dif- 
ferenlials m»tsad of the finite differences amounls to nesleeting the terma involving ikesguaret 
and higher powers of the increments. 

205. The differential relations above obtained could have been deduced more di- 
rectly frotn the formiilse of plane triangles by differentiation, employing the values 
of the differentials given in Art, 192. Thus in Case I, A ajid c being constant, if 
we differentiate the equation 

G = c sin ^ cosoo O 
we have da =: c sm A d coseo C 

= — c sin ^ cot coseo dP 
= — aeot CdC 
\s in (398) 

The student mliy exercise HmBelf by deducing tie other relations of (398), (SBB) 
and (400) in a eimilar manner. 
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CHAPTER Xm. 



206. The investigation of trigonometric series is most readily 
carried on witli tlie aid of a few elementary principles of the Differ- 
ential CalcTilus, All that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. "We shall employ the following expression of this theorem : 

in which fy denotes what / (^ + 7t) becomes when /i = and 

— ^, -Ht^, &C., arc the successive differential coefficients, or de- 
Ay dy^ 

riTatives of fy. 

207. To develop sin a: and cos a; in terms of x. 

We shall first develop sin {y + x) and cos {y + x) by (402). By 
(361) and (362), if 

fy^siny 



-iy- 






d cosy 
dy 




d sin y 

dy 


i'-fll 
dy' 


d<„,y 

dy 



• The leading results of liia Chapter being of very general utility and ci 
ttpplicatioQ are piioted in the larger type, but as they are not referred to in the ?ub- 
aequent large print of this work, and moreover require a limited n«quainiance with 
the Differential Calculu.9, the student can omit tbem at tlie first petuaal, and pass 
directly to Pujt II 
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BO tliat tlie values of the coefficients of the series (402) recur in tho 
order + siny, -I- cosy, — siay, — cost/, and tIierefore/(*/ + x)s= 

^a{i/ + x) = s,itif/ + cosy-j- — sin^Z-j^ ~ "^^^^iTS^ + ^°- ('**^'') 

If we commence with 

ft/ = cost/ 
the coefGcients will recur in the order + cosy, — siny, —cosy, 
+ sin J/, and (402) will give 

cos {t/ + x) = cosy — siny -^- — cosy^-^ + siny j-^-g +&c. (404) 

If now we put y = in (403) and (404), sin y = 0, cos y = 1, tht 
alternate terms of the series vanish, and we have 

sin a; = Y - jvgTg + 1.2.3.4.5 - 1-2-3-4-5-6-7 "'" ^^' ^^''^' 

C03 ^ = 1 - 3:3- + jrgTg.-J - 1.2.3.4.5.Q + &c. (406) 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208. The series (405) and (406) are directly available for the con- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in arc, since (361) and (362), upon which the pre 
ceding demonstration rests, require x to be in arc. Art. 9. 

Example. 
Find COS. 10°. Reducing 10° to are, by Art. 9, we have 
3: = 10 X -01745329 = -1745329 
and computing separately the positive and negative terms of (406), 

1=1- 



1-2-3-4 

T^0003866 
- -01523090 



cos 10°= -98480776 
agreeing with the tables, which give -9848078. The student may, 
for practice, verify any other sine or cosine of his table 
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209. To develop tmxm terms of X. 
Hepre seating tie coeffioienta in the b( 



is (405) and (403) liy letters, i 



In which c, =^ -j^ ", = &o. 

If we perform the division of tie numsrator bj the denominator, we perceive that 
the result will be a SEriea containing only odd powers of x, and eommenoing with the 
term x. But as the law for the succeasive formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the scriea to be 

and differeEtiate it; wefiad, by (3G3). after diriding bj dx, 



1 + t, 



■• + S ". 



r &0. 



Dr. sinoe from the diviBion of (407) ne know that o, = 1, 
t.a'._3...'+5,..'+Io,f + !l..> 
The square of (»t) is 

+ ...,1 +..=. +v, 



miiieh compared with (n) givea 



:, = 4 (>,,,+ 0,0,) 
i, = i(o,.,+ o,o,+ 



Where the law of deriTation ia obvious. We hare preserved tie factor e„ although 
tt ia equal to unity, in order to render this law more apparent. 

Since lie first and last terms of these e^pressiona are equal, aa also the termi 
squally distant from them, we may write them as follows ; 



=.= -i(2o,o, + 2o,.,) 
,.-j!jP<.o, + 2.,o,+ 
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in whioh form any coefficient i^„ + , ichai n is enm, is espressed by — terms all ol 

nhose ooefficienta ate ^ 2 ; nad raAen n is odd, by -— C — terms all of whose eoefS- 

cieota are 2 except tlie last, which is 1.* 

If wo now Bubstitutc the Talue of e, = 1, and deduce the numerical values of the 
e shall find 



210. To dsDilep cot a in terms of x. 
If we inTert (40T) we hare 

oot. = ^""'^:j-''-^:-f- (409) 

and the first term of the actual diTision is — , the seoonil term — (o, — a,) x, and 
the sueoeeding terms evidently involve only the odd powers of x. Therefore let 

cot K ^ rf, a: — d,x' -~ d,x' — S;o, (o) 

The coefficients cannot te determined by the method of the preceding artiole in 
consequence of the negative exponent in the first term ; but they are directly de- 
ducihlo from those of the series for tan x. Wc have by (142) 

tan^ = cotx~2oot2:. (p) 



2 cot 2 I = 2' d,x — 2' d,x' — 2? d,x' — &a. 

Subtracting this from (o) we have by (p) 

tan :r = (2- - 1) rf, z + (2' - 1) d, x' + (2* - I) d,^' + & 
Designating the cocfacienta of (408) by c„ c„ c,, &o. we have also 
tan I = e,x + C =" + e, i' + &o 

and the comparison of these two values of tan x gives 



"2'-l-(2-J)(!+l)" 
2'-l-(2'-l)(2'+l)- 



'• 2'-l (2'-l/(2'+lj 



* Euler, and after him Cagnoli and others, malre these coefficients depend upou 
those of the aeries sin x and cos x, but the number of given quantities by nliioh 
each cootEciont is expressed is double the jvumber required in tbe method of the tsit 
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Bul)Stitut!ng the values from (^08) 



icl reducing the coefficients to their simplest forms, we find tlie sorie 


IS (0) to bB 


1 X x' 2x' i' 2a^ 


^ &o. («fll 


X S 3''6 3'-5-7 3'-5'-7 S'-5'7-9-H 


211, By a process similar to that of Art. 209, but whieh we leave 1 


:o the Etudenl, 


efind 




, , i» , 5i' , 6l3^ , 277i' , 
'"= ^^ = ^ + 2" + 2^ + 2^'T + 2^1^ + *"■ 


(4111 



And ftom (408) and (410) by means of the formula 

ooseo X = i (cot J j: + tan J >:) 



...w - - r ^ 2¥ ^ 2-8'.5 T- 2*'3^-5.7 ^ 2^^F5N'" ^ "'"■ ^"* 
212. To develop siii^^y in terms of y. (See Art. 87). 
Let X = siQ~'y (or sin x^y); then by (373) 

^ ^ ^ 1 — n — 2\-J 

Developing the second member by the Binomial Theorem, 

As this contains only oven powers of y, the series from -which it 
would be obtained by differentiation must contain only odd powers 
of y ; therefore, let 

x=^a,y + a.y + ay + a,y'' + &c. («) 

There will be no term independent of y if we limit x to values he- 
tiveen and ± 00°, for then when y = we must also have x = 0.* 
Differentiating, we have 



which compared with (m) gives 






«,-l 3a,-i 5a 


1-3 

'=W4 


7„ _l-3-5j^ 



* The aeries (413) obtained under this limitation ejpressas but one of the va.lui 
of Bin~"'y, but if we denote the series bv j, we shall have by {35} tlie foUowlng e: 
preesion, inolnding all the values, 

sin-y = n^-L(-l)-, 
n being an integer, positive or negative, or zero. 
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therefore (») becomes 

1 w^ 1-3 y' 1-3-5 v' 
^ = sm-^ = ^ + ^.-|-+^.^ + ^^.^ + &c. (413) 

It is unnecessary to develop cos~'y since we have 

_, '^ . — 
cos y = —f sin 'y 

213. To develop iasC^y. Let x = taii"'^, then by (375) 

^ = (l+/)- = l-;/^ +(/■'-/+ &c. {mj 

from which we infer, as in, the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

x = a^y + ay + a^ + ay + &c. {,|) 

dx 
then J- =: «i + 3 ay + 5 ay + 7 a^ + &c. 

ay 

which, compared with (m), gives 

a^ = l 3«3 = -l 5as = l 7aj = -l&c. 

so that the series is 

x = ta.n-^y = y- if + it/'- ^y' + &c. (414) 

214. To compute the ratio (= ?r) o/ Me circumferenee of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons 
which are made to differ from the circle by as small a quantity as we 
please; but (414) enables us to express its value in a serits. We 

have tan— = 1, therefore if we make ?/ = 1 in (414) we have 

But this series converges too slowly to he of any use. To obtain a 
rapidly converging series ymust be a small fraction. We might em- 
ploy tan -^ = — — (Art. 29), hut in consequence of the radical, it if 
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Bimpler to resolve -^ into two or more arcs whose tangents are known, 
and to compute the value of each of these ares by the series. To 



effect this let 












^=tan-'^ + tan-'(' 


(416i 


then by (123) 










tan 


4 ^ \-ti 




whence 






(417) 


from which, assuming 


any value of ( at pleaaii 


[re, the corresponding 



value of (' is found. 
If we take ( = |, we find t' = ^ ; therefore by (41C) and (414) 

— = tan^' ^ + tan"' 'J 

A few terms of these series give 

— = 4636476 + -3217506 = -7853982 
4 

x = 3-14159 

more accurately w = 3-14159 26535 89793 

If wo take t = -^, we find t' = "f? ^"t the above supposition is 
evidently the best adapted for rendering both series sufficiently con- 
vergent* 

215. Tn resolve sin x and coa x into faetors. 

The series (405) stows that i is a factor of sin x, and giyes 

* See Note at the eud of tli.s clmpter, p. 124. 
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and the factora of the acrlua witbin the parenthesis must evideDtlj be of the form 

A being a eoii3taQt,but harmg a different value in each factor. Tiie required factora 
muBt be sucli aa to reduce the second member of (j/) to lero whenever the first 
member ia zero. Now sin x is zero for the value z =: 0, whence a is a factor aa al- 
ready seen, and also for I = ± « T, n being any integer ; therefore the general 
valuj of (5) ia 

whence A =: n'jr" 

which, substituted in (j), gives as the general factor 

Making n successively ^ 1, 2, 3, &o., tha equation (p) becomes therefore 

— (•-ii)('-.-^-)('-5&)- <"»' 

The factora of coa x in (409) must also be of tlie form (q) ; but coa x is aero for 
1 1= dz (2 n4- 1) -g-i « being any integer or zero, and the general value of (5) ia 
(2.+ !)'^ ^ 

whence A = ^5— ^ — 

which, substituted in (q), gives tlie general factor 

1 ?j?._ 

(2» + l)-^ 
Making n successively = 0, 1, 2, 3, &c., ive iiaye 

-.=('-K)(>-SI)('-K)- « 

216. LogaHihmic dnei and cosvubs. By means of (419) and (420) fho logarithmio 
Bines and cosines of the tables are readily computed. 

Put I = ra I-, then 

-»y = ^('-?)('-$)('-S)- 
"f-('-$)('-S)('-|)- 

«ud tailing tiie lognritiima 

leg .in " = log f + ieg «+ icg (l - ^,) + log (l ~ j,) + • • 

leg cc. i^ = ing (l - y!) + ieg (l - 'f) + leg (' -{) + ■ • 
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Developing tliese loga. by tho known formula 

to, (!-»)- -«(»+}«■+ J. -4-40.) 
(iunhioli M = modulus of oomnion logs.) and arran^ng according to Iha poiverH 

log aio —^ = log — + log m 

-•f(i + i + ^+-) 

— &0. 

log ... ^ _ - ,.-. 2(-l. + i. 4 i, + S.. ) 

--.■.f(i + i + i + .=.) 

By summing tlie constant numerical aericg, and substituthig the Talus of the m 
dulua M = ■43429 44819 and also of -^, these formula become 



logBi 



= 10-19611 98770 + log «i 



— m' X 0-17859 64471 

— m' X 0-0146889690 

— m* X 0-002301179G 

— fli' X 00042 58450 

— m" X 0-00008 49075 



— m" X 000001 76758 

— m" X 0-00000 37870 

— m" X 0-00000 08284 

— m" X 0-00000 01841 



log cos -^ =10 

~m* X 0-53578 93412 

— m* X 0-22033 45360 
— .m- X 0-14497 48131 

— m' X 0-10359 04G88 



— m" X 0-07238 25502 

— ii"X 0-01320420818 

— m" X 0-05428 08115 

— m" X 0-04825 49420 



(422; 



• See tha preface to Callet's Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms given them bj which they are rendered aUll 
more oonTenieut. 
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ESAJirLB. 

Computa log ain 9°, We have 

and therefore by (421) 

log sin 9° = 10-1961198770 — !■ 

— 0'00178 5%45 

— 0-00000 14689 

— 0-00000 00028 
= 10-19611 98770 — 1-0017871357 

log Bin 9" = 6-1943324418 

217. If in (419) Be put x = ^, yta liavo 

-f->=l(>-i)('-i)('-i)- 

-fC-^)C-^)(^)- 

_ » (2-l)(2 + l)(«- l)(' + ')(« -')(l' + ' l-' 



which is WaiUs's espressioa of t. 



Note to page 121. Computation of w. Many other series Tiesides thoaa of Art. 
214, may bo giyen for eompuling sr. One method of obtaining tbem is to resolve 
itn~' t and tan~' i' into two otliers, and thas make J ir to depend upon ttree or mora 
area. From (194) we easily deduce 



-.■»+l 



(»1 



in which m being given, n may be assumed at pleasure. The mimefatora of the 
fractions in the last terms will reduce to unity nhen ro' + 1 is divisible by n ; if 
therefore we iLsaume n and p Eo as to satisfy tlie condition 

we shall have 

tan'"' — = tan~ tan—' («) 
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For esample, let m = 3; then m'+ 1 = 10 = 1 x 10 = 2 X 6. Bi 
»ke n = 1, ji = 10 ; or n = 2, ;> = 5, whonoe by (d) and (e) 



Substituting in (418) 



■'^ + Un-'-+tan-* 



if) 



= t,n-'^+t.n-- + t.n-^ (?) 

The equation (/) -was employed by Clacseh of Germany, in compating r to 200 
decimal places, and {g) was employed by Dase, also of Germany, in computing t to 
the same number of figures. These computations -were carried on independently of 
each other, and the results when communicated to Sohumaoheb, (nlio gives them in 
the Astronomiacho Naohriohten, No. 589), were found to agree to the last figure 
Thoy prove the value previously found hy Mr. Rutherford to be erroneous beyond 
the 150th figure. 

By means of the formula (o), (b), (f), (d) and (c) we may again subdivide tho 
arcs M often as we please. Thus, it is easy to dtduce 



r + " 






which last is known as Maohm's formula. In deducing it we have reduced lla d^- 
fermce of two arcs to a single arc by merms of formula (a). 

Another method is, to find by trial, or otherviiae, an arc a multiple of wMch is 

nearly equal to — , and whose cotangent is a whole number; and then deduce the 
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difference between this multiple and -j. Thua it ia known (from the trigonomatna 
tables) that cot 11° 15' = 5 nearly; therefore hy the last formula of Art. 79, putting 



T- 



.s was found aboie. 

If we reeolye tan-' -^^ by means of (c), (rf) and (e), we ha-oa m = 239, 

1* + 1 = 57122 = 2'13* = np, which otfera sevoral suppositioua for n and p ; if 
fO take n = 13' = 169 aMp = 2a3' = 338, we find by (e) 



which waa employed by Rutherford. 

If we take n = 1, p = 57122, we find by (d) 
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CHAPTER XIV. 
EXPONENTIAL FORMULA. TRINOMIAL OR QUADRATIC FACTORS. 
218. To demonstraie Huler's formults 



,_J(«..'-i + « — .'-) (421) 

_ 1 



,{i-y-' -e — '->) (4251 



in which e JS the Naperian base of logarithms, or. 
It ia shown in the theory of logarithms that 

«-=> + (i-,+S+(^+(?+^"- <^^») 

wlie^e for brevity we write 

(1) = 1 (2) = 1-2 (3) = 1-2.3, ko. 

We liave by (405) ^^^ (406), employing tho above notation. 



the terms of which are the same as those of (426), but with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (42(j) ; and it is evident that we shall make 
them positive by substituting 

x^ = —^ or a; = s v^ — 1 
which gives 



.=.•-l(l + i+(^+^^+so.^ 
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But 

therefore 

eo3 2; - v^ -1 sin X = e— I'-' (427) 

If in this equation we substitute — x for x, we have, by (56), 

cos a; + v/ — 1 sin ^ = e "^ '' '' (428; 

The sum and difference of these equations are 

2cosx = e''y-' + e-*/-' (429) 

2 -v/ — 1 sin a; = e^v'"' — e-'^'^ (430) 

whence (424) and (425). 

219. The quotient of (430) divided by (429) is 

-1 



^ 1'"- e-y-' + e-'V- ....-.+ 1 


(431) 


220. If ue put 




j,= ,..'". =COSS! + ^-lBin» 


(432) 


we have y-' = e"^ t' "' = cos a: — y — 1 sin a; 


(433) 


and (429) and (430) become 




2co8i;-y+y-' 


(434) 


2^-lsinii;=i/-y- 


(435) 


If mx be substituted for x in these formula, we have 




f=er^v-y =co8ma;+ V — Isinma; 


(436) 


y-« = „--.,'-. = cos »i» - • - 1 sin mx 


(437) 




(438) 


2 x/ — 1 sin ma: = )/" — y "' 


(439) 
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221. Moivre's Formula. The value of i/" from (432), comparecl 
with (436) gives 

(cos ^ + s/ — 1 sin x)'" = cos mx + ^/ — Isinmx (440) 
which is Moivre's Formula. It shows that the involution of the ex- 
pression cos a; + \/ — 1 sin a; is effected by the multiplication <il 
the angle. 

Again, if we multiply (432) by- 
cos x' + %/ — 1 sin a;' = e'''*' ' ' 
■we have 

(cos^: + v'-lsina:)(coa2^^-^/-lsina:')=ef"+=^l''■ ' 
= cos (x + a^O + v^ - 1 sin {x + x') 
which shows that factors of this form are multiplied by the addiiioi, 
of the angles. 

We have also 
(coaa:+ •/—! sinz) (cosa;— v'— 1 sin a;)=cos'a;+8in^a;=e°=: 1 (441j 

222. General form of Moivre's Formuta. As long as ni is an integer, both mcmbora 
of (MO) can liave but one value ; but if m = — tlie first member beoomea 

a consequence of the radioa,l of the degree j, wliilo 

has but one value. 

In order that both members maj hare the same generality, ag sliould bo the case 
nitli etery analytical espreBsion, it is neoesaarj to auppose that -we take for the aro 
X not merely the arc less than the circumference which has the given sine and cosine, 
but also all tlie arcs which have the same sine and cosine; that is, e denoting tho 
(UTcumference, all the arcs 

X, x+c, x+2c, E+Se, &e. 
Kow there ia an infinite number of these arcs, but only j of them can give different 
Taluea to (a); for all the values of the are in (o) will be 



'=+ 



(g + VP' 



* That is ! values real and imaginary; thus itia ahown in algebra that ^-r .= -f-n 
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•+ "±^"'- = (f.+ f )+..«».. 



BO that afttr the first q terms of the aboTe series, the same Tilnes of the sine and 
cosine return, ad infinitum. Representing, therefore, the circumference by 2 «, 
the equation is entirely general tinder the form 

in which n ia any nnmber of the series 0, 1, 2, 3 q — 1- 

223, Triffenomelric expreeisions of the real and imaginary root) of unity. 
If I = in (442) it gives 

(l)~=eos-^2«,r + ^-lsin^2n^ (443) 

or (l)" = cos2mn^ + v''-lsm2mn-r (444) 

m being fraflional or integral. If p = 1, (443) gires 



which eipresses the q roots of unitj' by making n sucoesgively 0, 1, 2, 3 ... j — ] 
For example, let } = 4, (445) gives for 

n = 0, ^ I = cos + v" ~ 1 aia = 1 

« = 1, ^1 ^cos^+v'-ls™ ^- = s/-l 

n = 2, ^ I = cos T + v' - 1 sin ff ■= - 1 

as found in algebra. 
If T = £. in (442), it gives 

which shows that an imaginary term of any degree can be reduced to a binoniial of 
the form A-^ B ^ — I. 

If a; = a- in (442) we find 

(_ 1)- = cos m[2n + l)^+v/- Ism™ (2^+1)^ (447) 

224. To Tiduct an imaginary quantity of the form (o -f J ^ — 1)" to the fom 
A-\.Bs/'-\. 



Let k anil j; be determined from tlio equations 




S cos z = o, 4 sin a = i 




ay An. 174; then, by Moivre's Formula, 




(« + i ^ ^ 1)- - i- (00. . + v' - 1 "" 
= l^ (COS mi + ^ — 1 si 




and putting A = k" cos mi, B = It* sin mj, 




(.+ J^_I)- = ^ + iJ^- 


1 
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TniNOMIAl OR QtriDEATIC Faotoks. 

22E. Ta find the fiiadralk (tnnomial) factors of IhsexpTessioni"" ^ i z'" cos * -f" ^ : 
m being integral. 
By (438) and (434) we have 

y^- _ 2 y" cos ™:c + I = 
^ -2;, oosi -1-1=0 

Tberofora if we put y = 2, mx ^= 2 n !t -{• i^, or x = — — ^— i, we havo 

jin. _ 23^ oca ^ 4. 1 _ (448) 

^ —2i coB ^""'"i^ . ^ + 1 = (449) 

Aa these two eqnaUoas exist at tbe same time, tlie^ hare common roots, and the 
Fecond is therefore a diTlaor or factor of the first ; but tliis faotor has m values in 

oonseqoence of the m values of 00a - — JI-— (Art. 222), found by maMiig 

B = 0, 1, 2, 8 ... m — 1. Therefore the m quadratic factors of (448) are all es 
pressed by (449), and we bnve 



1'°' — 2^"coa*-!-l = (z^ — 2zcas — -\.\\ 

x(--2.o.,-*li'+,) 
X ■ ■ ■ 

X ( ^ - 2 z COS ^J^^-^J + I ) (450) 

226. To obtain tie simple factors of (448), we have only to find the two simple 
footers of each of the quadratic factors in (450), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if z, and i, are tha two 
Mota of (449), the Brat member is equal to 

(^_,,)(,_^) 
but we have by (482) 

which ^vea the two valuea of ! by the double sign belonging tji y/ ■ — 1. Tborefore 
tiie simple factors of (443) are all included in the form 



t-:*^^!., 
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EXAMI 



^ . Find the quadratic and siiuple fiiotors of 

Here m = 3, 2 eoa ^ = 2, coa * = I, * = ; and by (450), 



-2a»+l = 






{!"— 226030+ 1) {;' — 2J0( 



" + !) 



»0 + v/-I 



•0)] 

,.0_^-lamO)] 

»» + »/- lata')] 

,,,_^_l,In,)] 

.)(.-l)(.+ l)(. + l) 



x[.-(< 
x[<-(- 
x[.-(. 

= (.- 

2, Find the factora of a* + 2 a* + 1. Here m = 2, 2 coa ^ = — 2, ^ = r, a 
.• + 2.-+I = (a-+l)(.>+l) 

_(.-^-l)(.+ ^~l)(.-,/~!)(. + >/-l) 
S. Find tile factors of e' — a' + I- 
a* — a' -f 1 = (a^ — 2 a COB 30= + 1) (aa + 2 a Goa 80= + 1) 
-(.•-. >/8 + l)(a'+a>/8+l) 
-C.-J^3-!v'-I)(--},/3+iv/-l) 
X ("+4>/8 + i»/-l)(a+l»/«-i^-l) 
9. Find tto factora of a* — 2a' + 1. 

.■_2a' + l = (aa-2,+ l)(aa + a+l)(a- + a+l) 

-(■-!)•(■+ !+*»'-»)•(■ + *-!>/-»)' 

227. TojcnS iia ipinttTotie faclari af ^ — 1 Wien m is orfrf. 
In (450) let $ ^ 0, it beoomea 



-!)• = (.- 



■I)' 



c(. 



^+') 



X ■ . 

x(a.-2..o.?fclL'+i) 



How m beicg odd, m — 1 ia even, and the number of trinomial factors ■ 
njclusive of {z — 1)', is even ; but 



(452) 
1 (452) 



-^) = 



so that tlie £rst and last of tiicse factors c^e equal. In th e ; 
that imy two of theae faotors equally distant from the fir 
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;ting the Square root of both m 

?»-l = (z-l)X (^--2^603 -^ + 1) 

X ■ ■ ■ 

x(.--2.c,.&=iL'+.) , 

To find the giiadralie faclora 
I m ia B¥en, m — 1 ia odd, th 
and tlie middle fuctor will 

(?) 



228, To find the giiadralie faclora o/z"' — 1, when m is even. 

When mia even, m — 1 ia odd, tlie cumtier of factors in (452), esolusiye of (a — 1)*, 
is odd, and the middle fuctor will not combine with an; other. Tliis factor is the 



Kl') 



., loSfji m £j odd. 

(■-+l). = (..-2„.,-J+l) 

X (■•-2.oo,l|. + l) 
X - . - 
x(.--2„..<i^^^=ll^ + l) 

tmd it is easily shown, a,& in the preceding articles, that tlie factors eijnallj distant 
from iko first and last are equal, andthat the middle term is z* -{-22-|- 1 1=1 (z-)~ l)** 
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we Bod, iBhen m U odd, 






>-+l-(>+l)X (.'-2 


-^+0 




x(>--2 


-"-+0 




X ■ ■ ■ 






x(.-. 


-"'":"'+ 


') 


Tojind ihefaclori 0} i' + 1, wUn m { 


S(M«n. 




mme process gives 






r™+l = (z'-2^co 


■.T + O 




X (^--arco 


.i^ + >) 




X - . . . 






X (.•-.,» 


•''^^'+0 





(150) 

231. The simple factors of (453) and (454) are obtained from (451) by putting 
( ^ 0, and tlioao of (455) and (456) bj putting ^ = ir. There will bo found pairs 
of equal factors ea in the preceding articles, but all the different simple factors will 
be foiind by taking oidy the positiTe siga of tbe radical y/ — 1. 

232. Any function of the form a"" — 2p j™ •)- 5 may also be reaohed into quad- 
ratic factors. It is only necessary to reduce it to ono of the preceding forma. By 
reSDliiog the equation 

j^ — 2;i2™ + S = (45T) 

we shall find froin its two values of 2"" 

^^-2pz- + q= (^!'^-(p + ^^^Zrg)^ X {'"• - (P - x/T^)) 

and if we put the absolate t^rm in one of those faetora = ± n"" (according to iti 
(dgn) it becomes 






In which z = oz", and the factors of this last aipression may be fouiid \)y one of 
the preceding articles. 

If, however, the values of i" in (457) are imaginary, i. e. if p' < j, this method 
fails to discover the real quadratic factors, and we muat proceed aa foUowa. Put 
g = o*", then the proposed function becomes 



in -which J = as'; and since in the present case ji < o", ^ is a proper fraction 
md ire may put ^ ^ cos ?>, which reduces the given function to the fuitn (4501 



y Google 



MULTIPLE ANGLES. 



OHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. Mt'LTIPLE ANGLES. 

288, The true developments of sin tnx and eoa mx in aeries, when m is not re- 
Btriotad to integral yaiuea, were first obtained by Foinsol, and form tlie subject of u 
memoir read by him before the French Academy of Sciences, in 1823.* The fn1 
lowing problem la the basis of these investigations. 

2U. To develop (k 4- ^fT^^y, ill a serk3 of asoeading powers of k. Let 



iting (a) and putting 



.e square of which givef 



' •('■•-1) ' 



Diffei-entinting this and putting 



we find, after divitiing bj ^, 

m'z--k/—{k'' — iy = 
Again, differentiating (i) twice, wo find, 
!■ =A^ + 2A,k+SA,l^. . . 
i" = 1.2^ + 2.3^,4 + 3.4^ 
Substituting in (d) the values of z, t', 



hI.2J> 



+ nA k"— . ... •, 

'. . . ^ (n — l)!lA„!c'^ . . . I ^*' 
■, given by (J) and {.), we have 
».-A,]k+m- A^ k' . . . . +m- A„ if . . . . 

A,\ — 2A^ ... ~ f, A„ 

-{«-l)«.4„ 

+ («+!)(« + 2) ^„^, 

;ro. To discover the 
; that of the general 



+ 2.SA,'' +3.4.4, 
G which each of the coefficients of the powers of k mnsi 
plw which governs these coofficients, it will suifioo to ej 
orm, or the coefficient of i", wliich is 

K - n') ^„ +(«+!)(« + 2) ^„H 



^»+, = 



« del Sectioni Angulair 
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that frcai tte first coefficient, A„, we find by making ii = 0, 2, 4, 6, ko^ 



A. -^J. 




„-_2. .,•(,„. -2.) 
3-i -*-- 1-2-3.4 ^° 




-.-^^-—^^^^iiliS 


^-5X. 


&o. 




inJ coefficient, A„ we find by making n = 1, 


S, 5, &o. 


^. = — "''~^' ^ 




^- 4-S -*■ 2-S-4-i 


-'>^. 


J ■.•-,5' J («•-!•)(«•- 


3'] (»' — 5') 



Therefore, if we put 
"^-'11*^+ 1-2-3-4 * l-2-!-4-a-8 »' + «"• 



2-8-4-5 



'f' = ' — 2:ir'" + ^ sirs -'''-'"■ 

tha equidon (S) becomes 



and it only remains to find A„ and A,. In (o), (S), (i^) and (e), put t ^= 0; wo find 

'=(^/-^■-A ^-zs^C^-l) — _A 

Therefore we have, finally, 

x = (t+^TF='tr-i^~irr+i^~i)—mK' («8) 

235- Jij rftBefo^ [^1 — A'+ ft v^— !)"■ in a series <i/(Mccn^%j>cwfrj o/S. We 
(v'"r:^*= -f * »/ - 1)- -(^/ - 1)- ('■ + ,/ *»^^1)" 

therefore by (458), eiolianging J for ft, 

lv-i^rF+ i^_i)- _ (^-1 )- [(^ - 1)- -ff-K>/ - 1)— -S'-j 

In which ff and ff' are what J!" and K' become when A ig put for i. Combining 
the imaginary factors in the second member, observing that 

(•-irxc,/- 11- = (• 1)- = (1)1 
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(nhioli muat not lis put equiil to uuitj, since iii niiij hs a, fraction, and imity tail 
imaginary roots,) and also Uiat 

{^/-I}™XC^/-Ir- = ^/-l(v^-l)--X(v/-lr-' = ^/~10)~ 

{V"! ^r'+ A v'— 1)"' ={!)'" -ff+v^ — l ('i)~mll' {459! 

in nhicli 

-S' + i 



^-^fii^- 



^_K^n^^. 



286. Tadeve!<^ theime and cosine of the muUipU angle in <t series of ascending powsra 
iff the cosine of the simple aagU. 
■When m is an integer, this problem requires us simply lo develop sin mx find 

COS mx in a BoriGS of powers of cos x ; but nlioQ ro is a fraction = ~, the angle mx 

has J Talues which have the same sine and cosine, (Art. 222), if wo consider x tc 
represent all the angles nhich have tlie same sine and cosine as tlie simple angle. 
We ahall therefore employ Moiyre's Formula in ila general form (112), or 

(.os. + v'-l.to»)--«.-(!i"r + >) + v'-l»«"(2"'+") 
Putting i = cos I we have T)J (458) and (446), 
(«o.. + >/-l.lni)-= (J + ^P^T)- 

= (v/- i)--s:+ (•-!)—' "JT 

+ ...( '—»<•■+■" )... if.+ ^-l,in('-^=iH^--H-iI').^, 
Comparing the real and imaginary terms of these two values of (cos z-^-^ — I sin x)". 

.„„(2„H..) _ eo.(" ('"' + ■) 'V ir+ „. ((==l)4-3lLL') . „ r 

.t.»p„+„ _..n("A<i±tiL') . K+ ..n (fclHlit+y5).,r 

If m is a fraction = — , eaoh member of these equations receives q values by 

taking socoessiTely for n, or n', the numbers of the series 0, 1, 2, 8, . . . q — 1 ; Ijut 
we ace now to show what values of n and n' correspond to eaoh other in tlie 'wo 

members. Lat i ^ — , then S: ^= 0, 5" = 1, ff' = 0, and we have 

^(Jn+ I)^ _ m^ + 1) ^ 
2 ~ 2" 

16 m2 
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angles oan only differ by some multiple of 2 *, or we must 



- +2n"rr 



«{«- 



bull m beiug a fraction — , and n, n' numbers of the series 0, I, 2, . . . q — 1, ws 
cannot liavo m (n — n') equal to an integer ii", unless it ia zero ;* therefore 

and the abore deTelopmenta are 

.o.»(.„+.,=».(=^llA±i>--).ir+co.(<==!)(*!iiL')..^ („„, 

in wMch 



os-.+ ^ 



- !•) K 



3 ■3-4 -5 



I— &o. 



It hence appears that, in general, it requires the ooinbinalJon of two series to ex- 
press the eosine and sine of a multiple angle in powers of the cosine of the simpls 
angle, when m ia fractional. 

237. When m is an integer, one of the terms of (460) and (401) will always become 
zero, and wB shall have but a eingle series to espress the function of the multiplo 
angle. The first members become in all casta 

and the second members Tary aoeordiug to the form of hi. In (460), if 



a' + 1, COS mx = mK' 



» = 4ffl 






en, the 

nates, these four equatjo 

t, 76, by maMng m = 1,2, 3, Sie 

In (461), if 



id when m ia odd, the series K' 
all finite espressions, and will give the equation' 



•' + 1, 



.•+s 



.':.. 



is supposed to be reduced tt 

other, tnerefore, if-i—^ — ^isaotzer 

Bince the greatest Tftlue of either n or n' 



% = K 



,a lowest terms, p and j are prime to each 
jmustdividen — n'; which is impossible, 
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In tlioEfl fcrmulie, hot 
(ld2)Tve find for 

m = 4ni', siums 



do=={l- 



, but by difTeveatiiittinj 



.+ (lc.) 



nil of wliicli terminate and give tiia eqaations of Art. 75. 

233. Ta deoelop the sme and cosme of the mtiltipls angle m a series of asandin^ poaen 
■tf Ike sine of the simple angle. 

We take as before 

Putting A = sin x, we Iiaye, by (459) aud (^"14), 
(.0. . + ^ _ I .In .)- - (v^T^^T- + i ^ - I)- 

= msmn'TT.H+^ — l siamnV, JT 
+ ^-loos (»-!)»■,. mB'-,i, (—1) .■,.»« 
Comparing tlie real and imaginary terms of these equations, 

cos m (2n^ + x)= 003 m«V . ZT-sin {m- 1) «V . mS' 

Bin m (2 »ir + a:) = sin mn's- . //+ cos (m — 1) nV . mJT' 

and to find what values of « and n' correspond, let a; = 0, then A= sin a; z= 0, if = 1 



ff' : 



0, and w 



from which we infer that 2mnir ^ mn'ir, or 2 n = n', and henoB 

eo3ni(2«r + i) =: ooa 2mnff . S'— sin 2 {m — l)nr.m3' (464) 

sin OT (2 J!3- + i) = sin 2 mn T . H + ooa 2 [m — 1) ns- . mff' (46S) 



iT' = sin 



I' — l" 



1-2-3-1 

(^'-P)(M' 



in'a + 



l^=i 






2'8-d-6 

239. TT%n m is on mieger, the first members of (464) and (4S5) beaomo cos ms 
(ind ein n>x ; and the coefficients of the aeoaud members jontaiu only multiplea of 
2!!-; therefore wo have 

cos mi = IF sin mx = mH' 

But tlip series H terminates only wlien m is oven, and the series S' only wliBn » IJ 
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odd, and wc Tiiust slsi employ the devivativos o! tlicse er]uation3 to oTitain finite o»- 



= 1 


-i- 




+ U. 


_, 




^ 


-■■»•- + "■■' 


.. 


...,-;! 


2T 


il>m'. + fa.) 


in I 


2-3 


si 


n' I 4- &c.) 



all of whicli terminate, and give the equations of Arts. 7T and 78. 

240. Te deoeiop the sine and cosine of the muUipU <ingk in a series of ascending poviert 
of the tangent of the aimpk an^le, 

We have 
«<.9«.(2n=r + i) + v/-J8inm{2«^+;f) = (eoa^-j.v/-Iam=;r 

Expanding bj tie Binomial Theorem, and putting 

r_, »('■-') .,-■- , ■(«-l)(»- i)(— 8) 



But tie imaginary and real quantities are not jet distinctly separated in the s^ 
cond member, for m being fractional eoa"' x has a cumber of imaginary Talues. If 
we designate its real value by 003"" x, all its viducs are included in the exp^'ession 

which, substituted aTjove for cos™ x gives 

»0,.(2»,+.)+^-l,m»(2.,+ .)=c..-.(.o.2™',r.r-,ln2™-.T, J") 

Comparing the real and imaginary terms, tre now have 

003 m (2«ff + ^) = COS™ X {ooa 2 mnV . T— sin 2 mn-j- . 7") 
einm(2n)r+^) = eoB™ a [sin 2i7i»'!r . F -\- cos 2 nrn' ^ . T') 

kod i( is showu as in tlie preceding problems that » = n', whence 

oonm(2n!r-i-x) = cos" 3 (ooa 2 mraj- . T—BmUmit^. I") (468) 

ainm(2n3-4.rj = eoa™i (sin 2«inT . ?+ cos 2 nina- . 3") (4S91 
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in wMch m being n fraction = — , tj is anj number of 

■undcoj'" r denotes only the real value of .{/(coa i)'. 
241. By the division of (4fl9) by (468) 







ta. 


Lm(2. 


<:r + 


r) = 


- r-tau2™«^ 


ri" 






(170) 


243. 


Wheamis 


<m 


i»<m^, 


both 


the 


seciaa T and 2" 


tcrmi 


nato. 


andii 


1 all cases 


)s3n 


„ = .,. 


iD2 


"" 


= 0; 


and 


{4(;8), (i69) and 
= COS™ X . T 

= C0S™2. I" 


(470) 


givo 




(471) 
(472) 



which last eipression embraces all the equations of Art. 70.* 

243. Before the memoir of Poinsot, developmenta irere given for the multiple arcs 
in series of descending powers of tlie sine or cosine of the simple arc ; but he has 
shown that these developments are impossible, escept when m is integral, and in this 
caae the seriea are the same aa the preeeiling, with the terms written in inverse 

244. To develop any power of Ihe eoaiae of Ihe simple angle in a leries of sines or cosinei 
of the multiple angles, Che cosine of the simple angle being pasitivs. 

If J/ =i COS I + v^ — 1 sin I, we have, by (434) and the Binomial Theorem. 



{2^o^x)'" = {y^y-T = y'+'"y' 



-("T-^) , 



and by Moivre's Formula, 

S--eo.. (2., + .) + •-!.!» -(2..+ .) 
.y--«o.s(»-2)(2.,+ .) + >.>/-l.m(— 2)(2 



^J,m(,.t-4)(2n,+rt 



P.. .„ = so> . (2 „ + .) + » .0, (« - 2) (2 » » + ,) + So 
P'.„„ = .to » (2n,+ ,) + ■■.In (,.-2) (2..-+ ,) + ».. 

(2oo..)-_P„,„4.v'-li"."„ W 

Now m being a fraetioa (2 cos x)'" ins imaginary valnea, but whm cos i w potiim, 
it irill liftve at least one real poaitive yalne, and than (2 cob xy being understood to 
lanote only tliis teal value, all the values are included in the formula 

(2 cos •)- X (I)- - (2 00' «)•■ (oos 2 mnV + >/ - 1 .in 2 m,/,) 

* Aliliough the formulce for multiple angles require, in general, the combinationor 
two scries when m is not an integer, yet there are certain oases, even when ni is u 
fraction, in which one or the other of the series will disappear. See the memoir pf 
Poinpot, cited at the beginning of this chapter. 
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Hud t^e serii 


iabeoome 




P,«, 


and in the a: 


xmc way 


Therefore oi 


ir formula 1 
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Therefore we have 
(2co,i)-(oos2™',+ ^_l»n2,o',)=,i',„4,+ ,/_IJ»„„ 
Ccmparitif; the real ajid imsgiiiarj terms, 

{2 cos a)"" cos 2mn'a- = P,„^^. 
(2 oos x)" Bin 2 mnV = P',„,+, 
and to Sad. the corresponding values of n and n', let x ^ 0, then (2 cos x)'" = 



"("'"I) I 



„, = 2" sin 2 mntr 

2'"sia2«ifi'ir = 2™6in2m;i!r 
J, itia shown that n = n', ao that we havo finally 



From this it appears that the real and positive Talue of (2 cos i)"ma}' be aipressed 
either hy a aeries of cosines or bj one of sines of the multiple angles, and by 
comparing (i74) and (176), we have tlie following constant relation between these 



245, If !i = 0, (47i) giyee 
(2cosx)-=P, = ooamx+mcoa[m^2):r+!^i^piIcoa(m-4)x+&c, (476) 
which may be employed as the general deTelopment of the real valae of (2 cos x)", 

24G, The same supposition of n = 0, givaa sin 2 jimir = 0, and (476) givet 
therefore, 

= P'. = sin m:c+m sin 0^-2) ^+ ""^'"~^> 5in(^-4)x + &c. (477) 
s reraarltfthle property of this series of sines of multiple arcs, which holds for ill 
values of m, provided * < y' 

247. To develop any power of the cosine qf the simple angle in a aeries of iinea or coainei 
vf llie muUiple a-i'/lea, (:iee<isi:ie of the simple angle Mng negatiee. 
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If tlie de Horn! tut or of u is even, there is no real value of (2 cos i)"" wlimi toa x 
IS negative ; but we majput 

f2,o..)- = ( -2c«..)-(-l)- 

-|-2e„,)-[o.,»(2»' + l),4.v'-l<ln"12"'+I)»] 
ftiicli, lubatituted in equation {a) of Art. 244, gives 

(-20OS =.)- ooa« (2n' + 1)^ = P,„, + , 
{- 2 COS a:)- ™ ». (2 «' + 1) ^ = 7>,,.^. 
Making I = T, cos 1 = — 1, (— 2 coa z)"' = 2™, and tlie Beries becomo, by the 
process fiiiowi] in Art, 244, 

iijid we hayo 

'-■• mm (2.' + 1), - 2- ra. « (2« + 1), 
2- .m « (2 >,■ + 1) , = 2- >ra m (2» + 1), 

wlience, »3 before, n =: n', and our formulse aro 



p,„ 


,+ I). 


P',„ 


.,, + 1 


sin m {2 ^ 


L+1)^ 



by which it appears that the real value of ( — 2 eos i)'" is also expresaed either by 
a series of cosines or of sines of multiple area, wMoh series hnya the constant tt- 

r:„t, _ .la » ( 2 .. + 1) > 



2,+ l), 

248. If B = 0. (478) and (479) give 

(-2=0..)- = ^^ - ^-J— (■„ « + « ™ (. - 2) J + Sc.) (4801 

(-2,o.,).-_j^__-_^ij(,m.« + ..m(«-2). + fa.) (4811 

In tliis ease sin m t is not zero, unless m is an integer, so liat the series P", does 
not become lero when x>-q-' ^""^ ^°*^ (480) and (481) may be employed as lie true 
developments of ( — 2 cos i)™. 

249. When m is an integer, the series (476) and (480) always terminate at the 
(m-|- l)th term; and, since in (480) cos ms' = =h 1, according as ns is even or odd, 
and (— 2 cos r)- = ± (2 cos i)" in tie same cases, both (476) and (480) becoito 

(2eosi)-" = cos««+mcos(™-2):t+^i^^=ieos(m-4)i+&c. (482) 

But tlic series (481) becomes lero, so that (482) is the only series by whiuh 
(2 ens r)"" can be developed In functions of the multiple arcs, when m is integral. 
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250. To develop any power of the sine of the simple imnU. in a smn of sines or eo»in/' 
Iff the multiple angles. 
If y = cos 1 + v* — .1 s'" ^' ^^ ''^'*'' ^y (^■'-''') '^-'^ *''° I*'""™^^! Theo-em, 

= j™ _ my"— + M^lz^*. J,™-. _ &e. 

in whiclv j;"', i/""", &C. have tlie same yalacs as in Art. 244, Irot the signs of ttB 
ooeffioiciits are alternatelj + ^""^ — i ^° *''^* ^ '*^^ P"* 

e,.„. = .o,»(2., + .)-,co.(»-2) (2 .,, + »)+ fa. 

e'.,„4, = !ui«(2.,.+ i)-m,m(«-2)P"'+') + S«. 

(»/-l)"(2.m.)-= «.„t,^-^/-l «'..,*. 
Substituting tiie vaiuo of (v* — 1)" by (446), and comparing tiie real and imaginary 
t<rms, we find 

(2 .in .)..o. ■'«■'+''' = &„„ 
(2.in„...in!^+l)^_8,.,.,. 

and if ire make i i= -;t-, we sliall find by the process frequently employed aboTe, 
tiat ji = n' ; whence 

(2,In,). 



»J.(4»+1), 



(2.in,)-- 



y...... 



HO IJiftt the real Tolue of (2 an i)™ may be deyeloped in either the o 
of the multiples. The two series have tlie constant relation 



n}« (4. + l), 
).J..(4, + I), 



251. If n = in (483) and (484), 



P ■" •'" - Ziifi^ ~ oiTfS; <°" ~- " •» f— 2) «+ »•■) (48.!!) 

(2A,)-_gj«i__-|_lj-(,i.,._..in(„-2), + So.) (486) 

both of wliioh series are applicable whenm Is fractional. 

253. When m is an integer, one or the other of the series (486), (486), will always 
be zero, oocording to the form of m, and there will be but one series to express 

Tf m = 4™', (2siiij:)"' = cos mi — ™ cos (m — 2) T+ &e. (487) 

m = 4m' + l, (2sini)™= sin nu: — ™ sin (m — 2) 1 + &e. (488) 

m = 4m'+ 2, (2 81^)'" = — [cos mi: — m cos {m— 2)3! + &<i.) (489) 

M = 4m'+3, (2sinp^)-"= -(smmi:-«,sLL(m~2);r+&c,) (400) 
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253. The aeries (485) and (48S) become zero when ra is an integer, as follows ; 

If m = 2 m', = sin iTii — m sin (m — 2) « -f &e, (491) 

m = 2 m' + 1, = COS ™i — m 003 {»! — 2) E + &e. (492) 

The reason wliy these series are lero is obvious, since they terminate ai. the 
(m -|- I)th terio, the terms equally distant from the first and last are equal with 
opposite signs, and the middle term of (491) is zero. 

254. Given the egualion , , » 

tan»:=ptajiy (£z-. ^ . (^] (493) 

to exprei! i ± y hi a stria of malliples of y. 
Substituting the ralues of tan t and tan y given by (431) 






P+1 



Taking the Naperian logarithms of both members, 

2[E_^)^_l=log(l-g<^-'»>--)-log(l-5'i'vv-.) 
and developiag the seooiid member by the formula 

les(l-«)=-n-in'-in'-&o. 

Substituting in the second member by (430), 

x — y = 9sin2j,+ J¥'sin4)/ + j5-5iHej'+ ki. {h) 

The equation (a) might have been put under the form 

1_1...... 

i_i- «->!,/-. 

a 

from which, by tahing the logarithms and substituting as before, 

In this inTflstigation, we have, in effect, used Moivre's formula, in its limited or 
less general form; but the requisite generaHty may be given to our results, by ob- 
serving, that (493) would hold if we were to substitute tan i = taii (ji'"t+ s:), tanjf 
r^tna (n"ir-|- 1/). and therefore we may substitute for tbe first member of [!>]. 
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„'^4^_(„'V4- J,) =»:->/_{«"_ ™'):T = :t-y-,!^,nbeing (like «^n(I«"jar. 
ftrbitrorj integer or zevo. Hence, the required genera,! development of x — j in 

i_j,==„„+3Bin2;,+ i8'sii.4j, + ^}'sm6;^+&B. (100) 

In like manner, einco tan i =; tan (x — a'ir), timt, =tan {y — ii'V), we maj substi- 
tute in tie first member of (c), x — nV + y — n'V^E + S — ""' ^'"^ *^^ general de- 

■'+'-'~'^-'^--^+-- (-> 

In these formula x and y are supposed to bo expressed in are, and to obtMO 
K :^ y in seconds, the terras of the series must be divided by sin 1". 

255, The preceding problem is particularly useful in finding x ithen p and y are 
given, and x ia nearly equal to y ; in which case p is nearly equal to unity, either 

J or — is a small fraction, and one of the series (495), (496) converges rapidly. 



I. Giveny = 50'andi> = 1 00065, to find i from (4SS). 
Taking only the lii-st term of the series (495), and assuming n ^ 0, 
2;/ = J0O=' log Bin 2 y 9-99335 

■00065 , , .,,,, 

5 = -2<iO066 '°^' ^'""^^ 

ar CO log sin 1" 5'31448 
z — J/ = 65"-995 log {x — y) 1 ■81952 

X — 50" V 5"-995 
•1. Given y = 50° and^ = — I'OOOQJ, to find x from (483), In this 
_ _2^00G5^ 
' ~ -00065 
and the computation by (49G), if we assume n ^^ 0, is 

2^ = 100° log sin 2 y 9-99335 

1 -00005 



^{-\y 



5-51174 



ar CO log sin 1" 5-3144 3 
s: + y = — G5"-H95 log (j; + y) — 1-81952 

r = — y — 65"-995 = — SO" 1' 5"-996 
or, if „ = 1,1= 1 80° — 50° !■ 5".9i)5 = 123° 58' 54".0O6. 

In general, (493) is to ho solved by (495) when p is positiYe, and by (496) ■vtmp 
ts negative. 

256. Given the eaualkn 

sm(« + z)=™sinz (497) 

It express i in a series of multiples of a., 
Wo deduce as in Art 168, 
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wtioli is rfduceJ to (J93) ty potting 

when =£::il=l 

and (405) hecomes 

whioli ia to be employed when m > 1 ; and (49Q) becomes 

ivliicli is to be employed when m <^ 1, n being any integer or lero. 
257. Oivat the equation 



l + ™eo.» 



to express e in a series of iMiUiplea of i. 
Thie equation in ttie form 



ten(j_J«)=^^t<ini« 
wtich Is reiiuced to (403) by Bubstituting 

nnence ? = ^— - ^ 

and tho aeries (495) and (496) boeoma 

2 — A = nv — ^^ 4- ^-/- — ~V' + ^^o. (501) 

2 ^ n s + m sin « — J ni' Bin 2 a + J m' sin 3 a ~ &c. (502) 

258. Giuen iAe eqtialion 

to Kcpmi zm a series of multiples of a. 

The equation (500) becomes (503) by ohan^ng tbe signs of both manda: the 
(ame changea in (501) and (502) giye 

j-:-. = «^-^_'|^-.^g^_&o. (504) 

. = « *+ m sin « + J m' sin 2 « + J ™- «in 3 ^ + &D. (605) 
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26U Inaplanst-'iangUAB C. given a,b <m<lC. to find A oi 

of a 

By (2G0) 

4 sin C 







1 — 


-leo.f7 










which, compared wi 


th (603). gives 


,tj(S 


05), 










A== 


l.«+5- 


2 ^ Iff- 


iinSC 


+ &0. 




(50(5) 


n being neeessarilj 
and h. 


= in this oai 


(e. J 


is found 


by the 


s«me seri 


;es, interchi 


icging 


200. Inaplaneli 
We haye 


■!(,n//k, A B C, , 




b md 0, 
— 2 oi 0. 


33 


■.bya>encsofm<aiiple. 


(507) 



bj(451) = [i-{co,C + v'-I.i«0)] 

^=[i-i(».<;+^-i,i«<;)]x[i-|-(e..<'->/-i.ino)| 

Taking the eoramon logarithms, eiaploying in the second member the formula 

log (1 - n) = - jV (n + i «' + J «• + &c.) 

and applying Moiyre's Formula (440) in espressing the powers ofoosC±^ — 1 sinO, 

2 log c — 2 log i = 

-M\^^[t<3sC+y/-l^\nC) + ~ {cos2C+-v/-lsin2C) + &c.] 

-af[|.(co3C-v'~lsiJi(7)+-|l.(co82t7-V-Isln2(7) + &o,] 

logc = lQg5 — ^(^-icosC + ^.5^^-1-^.^^^ +&e.^ (508) 

This series was first given by Legendre. The aeries (495) and (496), upon which 
are based those of the Bubaequent articles, (Arts. 25G, 257, 258 and 259), are due 
to Lagrange. 
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PART II. 

SPHERICAL TKI&ONOMETRY. 



GENERAL FORMULAE. 



1. Spheeical Trigokometey treits of the methoU cf computing 
tile unknown from the known paifs of a spherical tiiin^Ie 

It is ahown in geometry,* tWt a spheucal triangle may, in gene- 
ral, be constructed when any thiee of its six paits aie given, Cnot 
excepting the case where the three angles are given) We are now 
to investigate the methods by which, in the s^me cases, the unknonn 
parts may be computed. 

We shall at first confine our attention to such tii ingles only as 
are treated of in geometry, namely, thotie whose sides aie each less 
than a semicircumference, and whose angles aie each less than two 
right angles; that is, those in which eveiy part is leis than 180° 

2, It is shown in geometry, that if a solid angle is farmed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the spheie foim a spheiioal tiiangle 
Now the real objects of investigation m sphencal tiigonometiy are 
the mutual relations of the angles of inclination of the faoes and 
edges of a solid angle ; hut, for cDn\emence, the spheucal tiiangle 
which forma the base of the solid angle is substituted for it The 
Bides of the triangle being propoitional to the angles of inclination 
of the edges of the solid angle, aie taken to repiesont those anglea , 
and the angles which those sides fDiia with eieli othei aie legaided 

* The student is here supposed to be a ji 
least eo much of it as is to be found la LL^ea If 
at Harrard UniverEity. 
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as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations ia question ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulae from a direct con- 
sideration of the solid angle itself. 

S. In a Bpherieal triangle, the sines of the sides are pro;poHional 
to the sines of the opposite angles. 

P, J Let AB Q, Fig. 1, be a spherical 

triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes A OB, 
A C and BO 0, to each other, and 
■) a will be designated hy A, B and 0; 
their opposite sides respectively will 
be designated bj a, b and c, as in 
plane triangles. The trigonometric 
functions of these sides ivill be the same as those of the angles 
BOO, AGO, AOB, which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point B' in OB, let fall B'B perpendicular to the plane 
AOO; and through B'P let the planes B'PA', B'BO' ho drawn 
perpendicular to OA and 0, intersecting the plane OAO in the 
lines PA', PC",and the y,\&jies AOB, BOO in the \\neaA'B',B'0'. 
The plane triangles A'PB', B'P Q' are right angled at P ; and 
OA'B', OC'B' are right angled at A' and 0'. The angle B'A'P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AOB, AOO, or of the angle A ; and 
BO'P is tJie measure of the angle 0. 
We have therefore, hy PL Trig. Art. 15, 

Bin A = sin B'A'P = ^-^, 
B'A' 

B'P 

sin 0=smB'0'P=yy 



B'P B'C _ RO' 
' B'A' ^ "B'P ~ B'A' 
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Again, 



GENERAL fOR:\ItiL.E. 



~ B'O 



- g'C" 
" B'O ■ 



B'0_ 
B'A' 



B'O' 
' B'A' 



(«■) 



Comparing (m) and [n), 



&mA 
''&mO 



which in the form of a proportion ia 

sin a : sin a = sin ^ : sin 
which is the theorem that was to be proved, 

4. In Fig. 1, A, a, G amJ c, are each less than 90°, hut the eon- 
etruction would not vary if any of these parts were greater than 90°, 
except that the points .4' and 0" might be found in the lines AO, CO, 
produced through 0; and one or more of the right triangles A'B'P, 
&c., would contain the supplements of A, a, 0, or e instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still bo 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PI. Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical triangle, the cosine of any side is eqzial to the 
product of the cosines of the other two sides, plus the continued pro- 



duct of the sines of those sides and the 

Let the plane B'A'Q', Fig. 2, he 
drawn perp. to OA, intersecting the 
p\^nesAOB, BO Oa,nA AGO, in the 
lines A'£', B-Cund A'O: Then the 
angle B'AV = A, and B'OO' = a, 
and by P!. Trig. Art. 119, in the tri- 
angles A'B'O', OB'O', we have 



( of tht included angle. 



B'O'^ 



A'B'^+A'C"^-2A'B' 




B'0" = 0B"'+ OQ'^ — ^OB'. OC" cosa 
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Subtracting the first of these equations from tlie socoiiil, and ob- 
Revving that in the right triangles OA'S', OA'O', 

OB'^ ~A'S"=0 A'\ 00'^~A'Q"'= OA'^ 
we have 

f\ = 20A'^ + 2A'B'.A'G-cosA-20B' .00' co3« 



Substituting tho trigonometric functions derived from the right iri' 
angles OA'B', OA'O', 

cos a = cos t cos c + sin 5 ain c cos A (2) 

which is tho theorem to he proved. It may he regarded us the fun- 
damental theorem, for the preceding (1) can ho deduced from it, but 
as the process ia somewhat circuitous, we have preferred deducing 
tho two theorems from independent constructions. 

6. In the construction of Fig. 2, both 6 and c are supposed lesa 
than 90°, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to all the other cases if the principle of 
PI. Trig. Art. 49 be granted. As that principle may not be suffi- 
Hg. a. eiently evident to the student unacquainted with analy ti- 
■" cal geometry, we shall verify it in this case, as follows.* 

Isc. In the triangle ABO, (Fig. 3), let b < 90° and 
c > 90°. Produce BA, BO to meet in B', forming the 
lune BB' ; then AB' = 180° ~ c, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle AB'O. Therefore, applying (2) to AB'O, we 
have 

(.03(180°- «) = cos6cos(180°-c)-fsinSsin(180°-.-)cos (180°- A) 

or by PI. Trig. (64), 

— cos ffi = — COS b COS c ~ sin 6 sin c cos A 

and changing all the signs 

cos a = cos 5 cos c H- sin 6 sin c cos A 

the same result that would have been found by applying (2) directly 
to ABO. 

«■ Hjmer'a Spherical 'Ii-igonomtjtcj. Cumbridgo, 1841. 
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2d. Ill the trkngle ABO, Fig. 4, let b > 90°, <?> 90° ; 
produce AB and AO to meet in A' ; then A'B a.nAA'0 
being both less than 90°, the formula (2) is applicable to 
A'BO. Therefore 

cos a = cos (180° - i) cos (180° - c) 

+ sin (180° - b) sin (180° - c) cos A 
= (— COB b) (— cos e) + sin b sin c cos ^ 
= cos b cos c + sin 5 sin c cos .4 

the same result as before. 

7. The theorems expressed. by (1) and (2) being applied succes- 
sively to the several parts of the tiiangle, give the two foUowiug 
groups ; 

% smB ~ 

(3) 



sin 6 sin C - am c »i 


uB 


iue sin A = sin as 


nO 


cos 6 cose + 8in6 s 


neccsA 


cos e cos a + sin c s 


niimB 


cos a cos S + sin a s 


ui 6 cos 



(4) 



8. Let A'B'O', Fig. 5, be the polar triangle 
of ABO, and designate its angles and sides by 
A', B', 0', a', b' and c . Then, by geometry, 



A' = 180° - a, 


a' = 180° 


-A 


B' - 180° - J, 


S' = 180° 


-B 


0' = 180° - «, 


(.' = 180° 


-0 




and applying the first equation of (4) to A'B'O', 

cos a' = coa b' cos o' + sin b' sin c' cos A 
nr by PL Trig. (64), 

— cos ^ = (— COS B) (— cos 0) + sin B sin (— cos a) 

— cos ^ = cos B cos C — sin B sin cos a 

Ohiinging the signs of this, we have the first of the following group ; 
cos J. -= - cos B cos C + sin B sin (7 cos a ~i 

cosB = — cos C cos J. + sin sin J. cos 6 > (5) 

cos — ~ msA cos B + ainA sin B coa c J 
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SPnEr,IC-lL TRIGONOMETRY. 



It is tlius that, ty means of the polar triangb, any formula of a 
spherical triangle may he immediately transformed into another, in 
■which angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulte are 
obtained from the preceding with the greatest oaso. 

The first of (4) multiplied by cos e is 

cos a cos a ^ cos h COS^ c + sin b sin c cos c cos A. 
and the second of (4) is the same as 

cos a cos c + sin a sin c cos £ — cosb 
the difference of which is 

sin a sine cos-B = (1 — cos'e) cos b — sin 5 sin o cos d cos A 
Since 1 — cos* c = sin^c, this may he divided by sine, and gives 



wbence 



n«cosi^=s 


n c cos 5 


n 6 cos C = s 


n (7 cose 


in c cos J. =^ s 


n S cos ffl 



b cos A 



If we interchange B and 0, and therefore also b and <?, the group 
becomes 



[n a cos G 
in 5 coa^ 

_B = si 



L C cos ^ 

.acosB 
. b cos 



;le, they giv 



sin a cos i — 

10. If (6) and (T) are applied to the polar tr: 
after changing the signs of all the terms, 

siu J. cos i = sin C cos B + cos sin B cos a 
sin B cose = sin^ cos 0+ cos -4 sin cosb 
sin (7cosa = sin5 cos J.+ cos 5 sin ^1 cose 
and 

sin J. cos c = sin £ coaO+ cos B sin cos a 
sin 5 cos a = sin C cos -A + cos C sin A cos 5 
sin C cos 5 = sin J. cos B + cos Jl.fcin5cose 

11, Dividing the first of (6) by the following derived from (3), 



(9) 
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we find tlie first of the following group 

sin ^ cot -B = sill c cot 6 ~ cos c cos ^ 

sin 5 cot C = sin a cot c — cos a cos B (10) 

sin C cot A = sin fc cot a — coa 5 cos C 

and in tlie same way from (7), or by interchanging the letters B and 
0, 5 and c in (10), we find 



sin J. cot C = 
sin 5 cot J. = , 
sin coiB = i 



5 cot c — cos 5 cos J. ~1 

cot a— cose cos £ > (11) 

n it cot 6 — cos acosO J 



If (10) are applied to the polar triangle, we find (11), SO that no 
new relations are elicited, 

12. The preceding formnlse are sufficient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilitate their application in practice. 

In the first of (4) substitute, by PI. Trig. (139), 

cos -4 = 1 — 2 sin^ J A 

we find, by PI. Trig. (39), 

cos a = COS (6 — c) — 2 sin b sin e sin^ ^ A (12'! 

and we have similar expressions for cos 5 and cos e. 
If we substitute in (4), hj PI. Trig. (138), 

cos^ = -14-2cos^i^ 

we find, by PI. Trig. (38), 

cos It = COS (b + e) + 2 sin b sin c cos^ ^ A (13) 

and, of course, similar expressions for cos b and cos e. 
IS. Substituting in (5) 

cos a = 1 - 2 sin^ ^ a = - 1 + 2 cos' J a 

we find by the same process 

coaA = ~ cos(B + (7) ~ 2sin_B sin (?sin= | a (14) 

cos j1 = — oos (fi — C) + 2 sin B sin cos* ^ a (lii) 

which might have been obtained by applying (12) and (13) to the 
polar triangle. 
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U. If ii,[l2) weeiibstitutecoga = l — 2siii'J<i, cos{i — e) = l- 2 sin 


H* 


-.), 




by a 


Similar process from (12). (IS), (14) and (15), 






sic- i o = Bin' i ( 6 — e ) + Bin b Bin e ein' J A 




(ID) 


sin' J o = Bin- i { i + - sir. 6 Bin « cos' J 4 




;i^) 


COs'^a = oos'n*-0"«iniEm<; sin' ^ 4 




(18) 


ooB-Ja = oos''H*+ O+smism" cos' J 4 




(19) 


lin- iA = cos' J {^+ (^J + sin ■» sin f? sin' J a 




(20) 


Kn'J4 = oo3'J(£— C) — sin-BsinCcos'Ja 




(21) 


coaH^ = sill' i(li+G) — sin ^ sin (7 ain' J a 




(22) 


coa'JJ^ siii'J[B— (7)+siui;3in(;coa'|o 




(;;3) 


16. By PI. Trig, we have 






I -- oos' J J + am' J ^ 






cos4 = cosM^-sin'M 












cos S COS <! = COS i COS c cos' J 4 + 003 i COS e aiii' J ^ 






Bin h sin c 003 4 = sin b sin c eos' J 4 — sin i sin c sin" ^' A 






the Bom of wMch is, by (4), 






cos a = cos (fi — C) cos' J ^ + 003 (i + .) Bin' J A 




(24) 


and EubstituUng 1 — 2 aiu° J a, &c., for cos a, &o. 






Bin' J = Bin' i (* - ■^) cos' 5 4 + sin' J C* + "J sin' M 




(2G) 


cos'Ja = cos-K*-=)o'>3'M + cos'H*+=)=i"H^ 




(20) 


In tliB same manner we deduce from (5) 






cos ^ = — ooB (ZJ — C) ain' J a — cos (£ + (7) eos' J a 




(27) 


Bin'J4= ooa'KS— <7)sin'Jn + oos'i{B+ C) cos' J a 




(28) 


C03'J^= Ein»^ (£— 0)sin>5a+3in'J(-B+ C) cos' J a 




(2B) 



jI' tliree.bj applying it successively to tliethrt 
16. From (12) we find 



sidES or three angles of the triangle. 



31 A -^^ifcfh 



a PL Trig. (108), we put 



whence 

i(«^ + y)-i(« + s-«). i{«^-!/)-J(« 

we find 

cos (6 — c) — COB a = 2 sin ^ (a — 6 + (?) sin ^ (a + S 
wliich, substituted in the above equation, gives 

■ 2 1 . _ sin I (a — 5 + c) sin |(a+ 6 — c) 
^ sin b sin e 







(sy) 
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GENEEAL FORMULA. 
Let 8 denote the half sum of the aides, that is, let 

a+h + c = 2s, ^{a + b + c) = g 

then 

a~h+e = a-i-h-\-c-2b = 2s-2b=2{s~h) 
a + b — e = a + b + c~2e = 2s — 2o = 2{s — e) 
which substituted in (30) give 

^ em sin e 

■ 5 T T> sin {s — c) sin (s — a) 

whence also sixr h B = ^ — -. — ' . - 

' sin a sm a 

. „ , „ sin (s — a) sin (s — h) 

sm' i V = ^ — -. — ' . ' ■ ■ ■ ' 

17. From (13) we find 

^ cos a — cos (i + e) 

^ ~ 2 sin 6 sin c 

and from PI. Trig. (108), hy making 

i(»i + y) = lC» + s + * J(j:-y)-}(S + «-») 

we find 

cos a - cos (i + c) = 2 sin i (« + & + e) sin ^ (5 + e - a) 
which, substituted above, gives 

=^ sin 6 sin e '' 

Introducing, as in the preceding article, s = ^ (a + 5 + c), 

^ sin b sin c 

-„„s 1 B = sin 8 sin (s -- b) 



sin s sin (s — c) 
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18. The quotient of (81) divided by (33) gives 



tan^ ^A = 



n(s— h) sin (s — e) 
sin s sin (s — a) 

2 1 p sin (s - g) s m (8 - a) 
tan I If -- gj^ g gjjj ^g _ 5j 

„ sin (s — a) sin fs — h) 

ta.xi' 10= —^- ■'—, — ^^ — \— ^ 

^ sm s sm (g — (?) 



(34) 



19. From (14) we find 



?\a = 



cm A -V cos { B+ 0) 
2sinB7inC 



from which, hy PI. Trig. (107), we deduce 

- cos } (^ + it + g) co» H-g + g- ^) ,,„ 

"" i « - BiniJsinO (^*' 

and if wo put 

i(A + B+C) = S 

tSeo, { S-A) 






s'lnB 


»iu6' 




-cwSeo 


(«- 


-B) 


ainC 


m^ 




-cos/Soos(i'- 


g) 


sin^ 


inB 





(36) 



The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraio 
sign ia negative ; in fact, since by geometry 2*S> 180°, iS> 90°, 
cos S is negative, and — cos S ia positive. 

20. From (15) we find 

cos A + cos (B—O) 
«''^i'' = 2sin_esin(7 

from which we deduce, by a process similar to the preceding, 

^ em B sin ^ ' 



y Google 



cos' ^ a 
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GENERAL FORMULJE. 

a<i^{S-B)<im{S-0) 
~ sin B sill 

>s{S- Cf )cos{ S~A) 
sin sin A 

cos (;g - ^) cos (.g-^) 



sin j1 sin B 

21. Fron: (36) and (38) 

J _ — co3iS'eos(5' — ^) 
^^"^ ^ '^ ~ ws{S-B)ooT{S^^ 

^ 5 1 J ~ COS ;? cos (fS" — B) 

tan' * 6 = - , _ — ^. — -—rr, — ^-i 
^ COS {S — 0) COS (S — A) 

g _ — COS;S'cOs(iS— C) 

**^ ^ '^ " COS (^-^) COS (*§-£) 



(3S) 



.{39) 



We might have iledueod (36), (38), (39), by applying (31), (33), 
(34) to the polar triangle. 

22. Napier's Analogies. Dividing tiie 1st of (34) by the 2(1, we 
find 



(m) 





tanJ-B 


eiii(s 
sin{s 


-i) 
-IT) 




Regarding this as a proportion, 


we hay 


, by composition and c 




UniA + taniB 


8m(s 


-J) + sin(. 


-») 




-i)-Bm(, 


-«) 


In PI. 


Trig. (109), if we put 


V-,- 


h,y = B—a, 


whence 




n + g-2 


s — a- 


h = o 






n-ff-a 


~5 






we tiave 












,in(,_J) + si„(, 


-a) 


tani« 





n (s — 6) — sin (s — u) tan ^{a~b) 

aiid by PI. Trig. (126), 

tan I J + tan |_£ _ sin | (^ -f -B) 
tan~irA — taiTfB' "" 7in J~(-^~— 5) 
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Therefore {m) becomes 

ain 1{A + B) _ taiiic 

ami{A-B) ~ta.n^{a-b) j- (40) 

or sm^{A + B): sm}(A -B) = ta;a^c itan^ia- b) 
which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) gives 



\*) 



tan 1 J. tan ^ 5 = — \ — — 




or 1 : tan ^ ^ tan ^ S = sin s : sin 


.-.) 


whence, by composition and division, 




1 —tan J J. tan ^£ sins — sin ( 


— c) 



1 + tan ^ J. tan ^ 5 sin s + sin (s — c) 
7 PI. Trig. (109), if a: = s, jf = s - e, we have 
sin s — sin (s — c) tan J c 



8iii. + Sm(«-«) 


tan ^ (a + 6) 


md by PI. Trig. (127), 




1 — UnlAia.niB 
l + UniAun^B 


C0SH.1+J!) 
-eosi(^--B) 


Therefore (k) becomes 




cos J (.^+-8) 


tan^tf 



(41) 
or cos 1{A + B): cos |( J, — S) = tan ^ c : tan ^{a+b) 
which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shaM find 

6in^(a-|-5) _ cot^f? 

8in^(a-4~ t&nl{A-B) \ (421 

or Bin^((i + S):sinJ(a— &) = cot^ C: tan|(J. — S) 

cos ^{a + b ) __ cot jO 

cos^(a-b)- tanJ(^+_B) \ (43) 

or co3i(fT + S):co9j(«-5) = cotJC:tani(_A + _B) 
wHoh are the third and fourth of Napier's Analogies. 
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26. Gataj's Thi^rfm. If 










y = cm ! . .m J (_1 + J!) 




i> = oee!!Ie 


10. iC-') 




j_,.,io.™J(^ + .B) 




(J = ,mJ(7e 


o,i(«+') 




^ -».}.. ln}(X-J<) 




J! = co.!(;. 


to!C-») 




,=,inj..o.i(-l-i') 




S-,miC, 


i, } (, + J) 




Men Me ;ito(!uc(» py.q. P X r, p X i. 


?X 


»■, 9 X e, ' X e, 07 


■« respeaiively equal t 


a the 


vrodii^ts r^Q,FxR,P^S,QxR, 


<3 X s, J? X s- 






MtU. From (S) we havo 











eiiie{sin JdrsinB) = sin P (sin a ± si 

wliioli, by PI. Trig. (105), (lOS) and (135), are redueed to 

,inleoosJesinK^ + ii)™J{X~i!) = .lnJCoo.Kel 
.ln!eoO!},co.}(^ + i;).lnJ(^-i!)-.In}Co.sl(;o, 



}(• + ')« 



.i(— « 



ps = FS and fr = §j; 

ySeeonrf. From (6) and (7) 

.in . (00, iJ =1= .OS ^) _ (1 =F 00. 0) on (. ± J) 
■wMoh, hj PI. Trig, arc reiluced to 

6iDj«ocsi = aml{^ + J!)smH^— ») = oosiC7oo35CsmJ(«-6)o, 

gj = §S and pr = PS 

I^tMf. From (8) and (0) 

which, hy PI. Trig, aro reduced to 

cosi«co3j-^amJ{^ + J)oogH^+«)=sm^eco3jl7««8H'' + *]<" 
B\ai6aini<:smk{A-B)oo^i(A~B)^smiOcoBiOmui(^ + b)Bi 






ij(» -4) 



j.2 = 






26. raanofofi'™ of the preceding article being atill 
are reapeetinely equal to F", §*, iP, S*. 
We have 



the quotient of which is 



p'' =; P" whence p = ± P 
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27. In these last equatioju, th 
the negalive liyn in all e/ them. 



lieins div 


dcd by thi?, glye 




3 = + §. r = + i;. . = + S 
take 


=nd If TT 


tlic same 


equiitions, divided by this, give 




g = — Q, r = — E, H — — S 


IVela 


e therefore the following, which are generally cited as CfauM's Equa, 




COS i e Bin J (^ + -B) = <=»3 J C cos i (a - J) 




cos J . cos J (-4 + B) = sin i C COS H" + *) 




ein J « sin ^ (^ — .B) = 003 J sin J (o — 6) 




sin i c oos H4 - if) = Bin 4 (7 sin J (a + 6) 


.r 


COS J . sin 5 (^ + B) = - cos J C cos iC - i) 




cos Jo COS J (_4 + iJ) = -sin J C^ cos H« + *) 



dnJosinU^-B)=-cosJCainJ{«-i) f '*^' 

sin Jccos J (^- JJ) =-sin J Csin J («+ J) J 

If, hoTFaTer,ne consider onlj those triangles whose parts are all less than 180°, the 

first of these groups, (i4),is alone applicable, for we mast then have p ^ -\-P; since 

cos 4 e, sin J (-4 + B), cos J 0, cos J (a — i) are tlien all positive quantities. The use 

of (45) TTill be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (43) cam be deduced directly from (44). 

Additionai FoimnL^E. 

28. TVe shall here add some formulce which, though not so frequently used as the 
preceding, are either remarkable for their elegance anil symmetry, or of importaiieo 
in certain, inquiries of astronomy and geodesy. 

29, The product of (30) and (32) gives 

. , ^ _ 4 sin » sin («-..) sin (.-i) sin (.-.) 



Put 



sin(.-c)sin(,-i)sin(,-c) 



(46) 
(47) 

(48) 



(iic quotient of wliich is 



wliieh is our first theor 
these from (4) witiiont 
trigonometry aa resting 



1, Art. 3. Aa 
e aid of (3), -w 
ipon the fimda 



48) was obtained from (30) and (32), ana 
may consider the whole fabric if spherical 
lental formulce (4). 
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ADDITIONAL FORMULA, 
■m Wo liiive also from (3S) «nj (;!:) 

,3(.S-^)eos[g-fl)>:o3(S-C') 



sm-ifBin-C 






JV" =: — 003 S COS (S— ^)C03(S— J?)eo3(S— (7) 




(.^0) 


2_V 
^'" " ~ Bin if sin C 




(51) 


From (48} nml (51), 






n sin a ein i Hin c 




(52) 


31. If we develop (47) and (50) by PI, Trig. (178) and (174) 






4n' = 1 — coa'o — cos" i — coa' c + 2 cos a cos i CO 


e 


(63) 


4iV" = l_eos'J — ooa'J — oos'C — 2fl03.4oo8JJeo 


U 


(.541 


32, The following simple results are easily deduced from the equati 


lis (31 


o38j 


cos M I'os J fl _ ^i"' 
sill i 6' sin. 






oosJ^sinJB sin(,-«) 






eosJC Bin. 
sin i ^ cos i 5 sin (. - b) 


(65J 


003 J G sin c 






sinJ^sinJB _ sin (, - 
sin J C aiu e 







Bill J B Sin ^ 6 


-- 


-COS -5 


cos Jo 




■In ! . cos ! i 
sinjo 


-- 


os(.';-^) 
3inC 


cos § a sin J i 


= - 


03(S_B) 


.Inl, 


sin (7 


cos i a cog i 


-- 


os(S-(7) 


cos). 


SlnO 



33. By meiins of (65) nnd (5S) we can deduce esprcsaions for tlie functions of 
I, » — a, &c.,in terms of the angles, or of S, S — A, &e., in terms of the sides 
We have, ft^im (51), 

. _ 2y _ N 

^""^~8in-4ain.ff "SsinJ^eos J^sinJBcos Jfl 

which, substituted in (55), gives 

sin.= ^ (57) 

2 sin i .4 sin ^ B sin J (7 " ' 

■»(— ) = 2co.-il.clp>^iir« ''^ 

whence, by interohajiging the letters, we have alao ain (s — a) and sin (s — 5). 
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A[[aiE, n-fl hiTe 












Bin (. _ c) = si 


in . coa , 


,~ 


GOB 1 ain 1 






COS, ""' 




Bin 


(,-c) 






wiich, by (55), is reduced to 




° 








,„, .coai-^^o^i 


Scose 


_l 


lin M si 


al,B 






sm J 


K' 








and from the equation 












ooa (.-=) = 0, 


>s.cos, 


+ 


sin. ain. 






we find, by substituting (55) and (59), 












^__ ,_ _^ - sin J ^ i 


^in i 5 . 


cos< 


. + cosi 


Aooa 


hB 



To eliminate c from tlie second members of (59) and (60), we liave, by (6), 
«C+e. 







,„., cosd+o.i 


^^eoa-B 


4.inM 


.InJJi 


,^^^ COS C+ cos 


^ coa J3 


•"" 4c„M 


ceaji! 



OOS J ^ COS 1 Z 

Bin J ^ sin J i 

wlieh, substituted in (59) and (60), give 

„„, , _ "OsX + coa.g + CQaO- 1 _ I-aiu'i^-si n' j ^ - sin' ^ C 
°°"- isinj^sin JBsinJC " 2 sin J ^ sin J S sin i (J I"" 

cos fs -el - '^° ^^ + «''«^-'=o^g+l _ «cs=i^ + eosHa~''o«H g/soi 
cos \i '■' — 4 COS ^ ^ COS J it sin i ~ 2 co3 J 4 co3 i i( ain J C ^ ■*' 

From tie preceding we easily deduce 

„„. 2Jir _ aln^ 

'"'■-•' = CO. ^ + CO. J-eo. 17+1 = c-MTJ^ r/j-o... <") 

(14. The equations (57 to 64) applied to the polar triangle, givs, 

co.(s-e) = , ...'',,... ,. (Of.; 
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ADDITIONAL FORMULAE. 
,..4.,„i + .o,, _ „„■ t . + .... f J + 005M. -!_ 



ts i a col i 6 008 g+ Bin ^ a Bin i 6 
i.Jo 



to (S _ (7) _ -•»-"■»- ™ ^ J — , ji^;;ij_- (J») 

(70) 
Pl) 



2 .io 1 . .In J 4 ™ i • 



"■ " - 1 + ... . + 00. S + 00. - 00. + oof J o oot i 
85. From (G8) ne fiad 



2 CO. 1 . < 


:m^t 


CO. J — CO! 


,-»«-, 


=o.-li-co.'}c+l 






2o..i.o 
oc.J.+ c, 


,.J.+ , 


ijc 

iOS'JS+OOS' jc— 1 






2 CO. i a . 


,0.14 00: 


>ic 



the numeratora of wMch may be reduced by PL Trig. (173) and (174), by malting 

._!.,,=. i i, I = J c, wlooc. ._ J (■+' + ■)=■ i •,•-« = i (—), 

lio. : therefore, 

I-.to._i=l^lfcijjlfc^«-(^' (76, 

•+-■»= """°°"c'o'.T:'coTiV.'.rif°'* ' "~" (") 

riie prodnot of these equations reproduces (65) ; Uieir quotient is, by PI, Trig. (154), 

tan' (450 - J S) = tan i « tan i {> - a] tan J (. _ ij taa i (» - .) (77) 

86. CagnoU'i Equation. — Multiplying the first equation of [i) by 003 A, we find 

nnd from (6) in a aimilor manner, 

cos a 00a ^ = — C03 S cos C cos a + sin 6 sin (7 — sin S sin Cain' a 
Observing that by (8) we have ain b sin c sin^ A = E\a B sin C sin' a, 
liese two equations give, 

K relation between fia sii pariB of the Iriangle, first giren by Cagnoli. It is ft 
property of this equation that either member is a function which Aia the eame value in a 
i/iBcn spherical triangle and its polar triangle. Thua, if we diBtinguish the sides and 
jnglea of the polar triangle bj aooenta, we have* 

sin 6 sin c + cos 6 00s c cos ^ = sin i' sin c' + cos b' cos e' cos A' (79) 
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166 SPHERICAL TRIGONOMETRY. 

8T Ta ieita*t theformuUe of plane Mangles from t/toss of sph^rkallrianglea. 

The analogy of maay of the precefling formulEe with those of plaue triinglea is 
Buffioiantly obvious. We ean, in fact, dedaoe the plane formulse from those of this 
chapter, by regarding the plane triangle as decitribed upon a sphere iiihoss radius is in- 
finite, the triangU beiaff an h^itely small portion of tlie sphere. The quantities a, i and 
e, must, in tiiia ease, espresa the absolute lengths of the sides ; and the angles which 

a b c 
they subtend at the center of the sphere, expressed in are, will be — , — , — , t be- 
ing the radius of the sphere. When r is Tery large, — , — , — , are very small. *nd we 
may express the values of sin — , oos — , &o. approiimately, by one or two t«rms of 

their expansions in series, PI. Trig. (405) and (406), and if their values be substi- 
tuted in our spherical formula, we shall obtain appi-oiimate relations between tJie 
^des and angles of the triangle. If we then make r infinite we shoil ohiiiii exact 
relations between the sides and angles of a plane ti'iangle. 
Thus we have 

sin it 4" '^ b"" i^ , ^ ~ ~ ', i=~" , 

and making r infinite, we find the formula of PI. Trig. 



4-'»v' (/-w.-+--)(V-^'+-)' 



and making r infinite, we have tli,e ft 



'I be 



Formulfe that invoWe only the sines or tangents oi 
mediately to the plane formulse by substituting a, S, 
(31 to 34) give the corresponding formulte of PI. Trig, by omitting the symbol sin. 
and (40), (41), by omitting the symbol ia«. when tliese symbols are prefixed tovidea 
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SOLUTION OF SPHERICAL RIGHT TRIANGLES. 



CHAPTER 11. 

SOLUTIOS OF SPHERICAL RIGHT TRIANGLES. 

S8. When one of the angles of a spherical triangle is a riglit 
angle, the general formulse of the preceding chapter assume forma 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally simple in their appli- 
cation, 

39. Let C=90°, Fig. 6. From (3) w 
lave 

sin A = -:■—;- sin G 
but since C= 90°, sin (7=1; therefore, 

and, in the same manner, 



that is, the sine of either oblique angle of a spherical riglit triangh 
is equal to the quotient of the sine of the opposite side divided hy the 
eine of the hypotenuse. Compare PI. Trig. (1). 
40. Prom (11), we find 



con A = 



sin S cot c — sin A cot 



but if C = 90°, cot (7 = ; therefore, 
. sin 5 cot c 



(81 



y Google 



6PHERTCAL TRIGONOMETRY. 



that is, the cosine of either angle is equal to the tangent of the adja- 
cent side, divided hj the tangent of the hypotenuse. Compare 
PI. Trig. (1). 

41. From (10), we have, 



sin C 
wnieh, when C= 90°, becomes 

sin 6 



cot -4 = sin 5 cot a =- , 

tana 



or, taking the reciprocals, 



that is, the tangent of either angle is equal to the tangent of the op- 
posite side, divided iy the sine of the adjacent side. Compare 
PI. Trig. (1). 

42. Prom (5), we fiiifl, 

sinA= i — ■ — 71 

cos 6 sin V 

and if C- 90°, 

,in^ = 5?"-| si„iJ-=i (83, 

COS A cos a * ' 

that is, the cosine of either angle, divided by the cosine of its opposite 
aide, is equal to the sine of the other angle. In PI. Trig, we have 
sin A = cos B. 

43. From (4), we have, 

cos c = cos a cos 6 + sin a sin h cos C 
or, when C = 90°, 

cos e = COS a cos 5 (84) 

that is, the cosine of the hypotenuse is equal to the product of the co- 
sines of the two sides. In PI. Trig, c'- = «^ + b^. 

44. From (5), 

cos g+ C OS A cos -B 
sin -4. sin-B 



cosj4cos-B , _ ,„„, 

= - .^T— -.■ -T,- = cot J. cot JS (851 

sm A sin is ^ ' 
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SOLUTION OF SPHERICAL RIGHT TRIANGLES. 169 

Iiat is, the- Conine of the hypotenuse is equal to the product of the co- 
tangents of the two angles. In PL Trig., 1 = cot j1 cot B. 

45, No difficulty will bo found in remembering the preceding for- 
mula3 for apberical right triangles, if they are associated with tha 
corresponding onea for plane triangles : thus, 



In plane right triangles, 
sin A = — sin -B = — 



In spherical right triangles. 


sm a 


. „ sin b 
sm B = ~ — 


tan 5 


~'taii(.- 


t^ni! 


„ tan b 


™^ = »ff 


cos a 


COS C = CO 


3 a coa 6 


cosc = cot^ COtS 



eos-S, BinjB = cosJ. 

^ = a' + b^ 
1 = cotAcot^ 



46. Napier's Rules. By putting these ten equations uiicler a different form, Napiei" 
OiiiitriTOd to express tliem all in two rules, wliioh, tliough artilicial, are very gene- 
fally eraployad as aitis to the memory. 

In these rules, the eomplenients of the hypotenuse and of the two obliqne angles 
are employed ioBteadof the hypotenuse and the angles themseives. The right angle 
not entering into the formulEe, they espress the relntious of five parts, but in the 
rules the five parts oonsidered are a, h, oo. c, co. A and co. B. Any one of these 
paita being called a middle part, the two immediately adjacent may bo called ai^'a- 
tentpartt^ and the remaining two, opposite parts. Theright angle not being considered, 
the two sides including it are regarded as ailjaoent parte. The rules are ; 

L Tks Sine of the middle part is equal to Ike product of the tangents of the adfaceut 

II. The sine of the mtdrlle part i» egaal to the product of Ike coiines of the opposite parts. 

The oorrectnoaa of tliese rules will be shown by taking each of the five parts as 
middle part, and comparing the equations thus found with those already demon- 
Btrated. 

Ist, Let eo. c be the middle part; then co. A and oo. B are the adjacent parts. 
a and 6 the opposite parts, and the rules give 

r co3i! = oot.4(;otiJ 





sin (00.=)= tan (c 


o.^)ta 


(CO. B) 




sin(oo.e) = ooso 


03 i 




which 

2d. 

Vidfl 


are (85) and (84). 

Let CO. A be the middle par 

the opposite parts, and the 


; then 

ules gi 




ain(oo.^) = t,.n 


00. c) ta 


ab 




sin (CO, A) = cos ( 


co.iijco 
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17;..' SPHERICAL TRIGOSOMETRT. 

In tilt same raatmer, if oo. B is tsiken as the middle part, 

sin [oo. B) = tan (co. c) tan a or oos B = cot c tan a 

Bin (CO. B) = cos {oo. A) oos b oos £ = sin A co? t 

and these four equations are the aame as (81) and (83). 

8d. Lee a be the middle part; tJien oo, B and b ai-e the adjacent parts, 
ftnd CO. c the opposite parts, and the rules give, 

,3 the middle part, 



aina = tan 


(CO.JJ)toi 


sin a = 00. 


(c..^)c..(c 


Tn the same manner, 


if i is takea 


sill b = tan 


(»..^)to. 


Bin i = oos ( 


:«.. J!) 00. (0, 


and these four equatioq 


s aro tlie son 


It appears, therefore 


, tliat lliosa ■ 


proved; and thej include no others, 



3 (80) and (82). 

3 include all the ten equations previously 

36 we have taken each part Euooesaivelj aa 

mnecessary to use the notation co. A, oo. B, 
(in A for cos (eo. A), &c.» 

41. In order to solve a spherical right triangle, two parts must 
be given, and from the equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and 
the required part. 

When Napier's Rules are employed, it is only neoessary to deterniine whieli of tl".o 
three parts— the two given and the one required— is to be taken as themiddle part. 
" These thrao parts are either all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts; or one is 
separated from the other two, and then the part which stands by itself is the mid- 
dle part, and tho other two are opposite part3."f 

48, In order to distingitish the functions of parts less than 90° 
from those greater than 90°, it will he necessary carefuljj to observe 
their algebraic signs, according to PI. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
18 removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, tlie two angles, and the comple- 
menta of the two sides including the right angle, these parts will be tho complements 
of those used in Napier's Rules, and we shall have 

Madddit's Rclbs. — I. The coiine of the middle jtarl I'j equal io the product of the co- 
tangeriia of the a^aeent porta. 

IL Tlie cosine af the middle part is equal to the product of the sines of Ike opposite parts. 

With a little attention attAe commencement, however, and by observing the ana- 
logy eihibited in Art. 45, the student will find that he will have litlle use for either 
of these ortifioial rules. 

t Peirce's Spherical Trigonometry. 
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49. In a right spheriaal triangle, an angle and its opposite sida 
are always in tite same quadrant, that is, either both less or both 
greater than 90°. For, by (83), 

. ^ cosB 
sin A = 7- 

m whicb, since sin A is always positive, (A <. 180°), cos B and 
cos b must have the same sign; that is, B and & must be cither both 
less or both greater than 90°. 

50. When the two sides including the right angle are in. the same 
quadrant, the hypotenuse is less than- 90°, and when the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 

cos e = COS a cos 6 
in -nbith, if a ind b lie in the same quadrant, cos a and cos b Iiave 
like sign'i, and cos <, is positive, that is, e < 90° ; but if a and b 
are m diffeient ijuadiants, cos a and cos b have different signs, and 
cos e is negatii e, th it is, > 90°, 

We proceed now to the solution of the several cases. 

51. CdSE I. Given the hypotenuse and one angle, or e and A, 

To find a. The relation among the tbree 
parts, c, A, and a, (as in PI. Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 

, sin a 
sm A = -- ■- 

from which we find* 

Bin« = sincwn^ (86; 

There will bo two values of a corresponding to the same sine, but, 

by Art. 49, the true value is that which is in the same quadrant 

BSA. 

To find b. The relation among the three parts, e, A, and h, (as 
in PI. Trig, with the same data), is given by the cosine of A, or, 

tan 6 

cos A = 

tanc 

from whichf tan 5 = tan e cos A (87) 

■* Thia equation would be found by Napier'a llules, taking a as tiio middle part, 
f We find the saoie resalt 'bj Napier'a Rules, taking co. A as tlie middle part 
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To find B. We have, bj (85),* 

cos c = cot ^ cot 5 

from which cot £ = — , = cos e tan A (88) 

cot -i ^ -' 

The quadrants in which b and B are to be taken, will be deter- 
mined by means of the signs of tan 6 and cot B, according to Ph 
Trig. Art. 40. 

OheeTe. To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many cases, however, we may test the accuracy of 
Bcveral operations by a single formula, which may be called the 
check. In the present instance, when the three parts, a, b, and B. 
have been found, we should have, by (82), the relation 

sin a = tan b cot B 
BO that if the work is correct, we shall find 

log sin a = log tan h + log cot B 

Examples. 

1. Given e = 110° 46' 20", A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

d,log sin 9-9708106 log tan — 0-4210061 log cos — 9.5498045 

A, log sin 9-9935833 log cos + 9-2320794 log tan -f 0-7615038 

log sin a 9-9643939 log tan S -9-6530855 logcot.B - 0.3113083 

log tan 6 -9-6530855 

Cheek, log sin a +"9-9643938 

Am. a = 67° 6'52"-7, b = 155°46'42"-7, B = 153°68'24".5 

2. Given e = 120°, A = 120° ; solve the triangle. 

Ans. a = 131° 24' 34"-7 b = 40° 5-3' 36"-2 B - 49° 6' 23 .8 
52. If A z= 00°, 1V8 mnst also have, ty (85), c ^ 90°, tind then 



B3 that h and B are Tioth indeterminate; that is, there is an indeiiiiite Eumher or 
triangles wMoli satisfy the given values of i! and A ; but since 

we always hoTe B ^b; nad since 

Wfl have a = 80°, and all the pnrts of the triangle are equal to 90°, as-^ept £ and B 
If only c is given = 90°, all the parts of the triangle are equal to tjO', eioept A 
and a ; and we havo A = a. 

* Or by Napier's Rules, taking uo. c as the middle part. 
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53. Case II. Given the hypotenuse and a side, or c and fl. 
To fnd A. We tme bj (80), 



To find B. By (81), 



Tofnd i. Bj (84), 

cos C = COS ffl COS b 

from which cos i = = cos c sec a (91 ) 

cos ffl ^ ' 

Oheck. We have between A, B, and h, the relation 

cos jS = sin jl COS 5 

Examples. 

1. Given c = 140°, a = 20° ; solve the triangle. 

Bj (89). Ej (90). Bj (m). 

Cjlogoosec 0-1919325 log oqt - 0-0761865 log cos - 9-8842540 
a, log sin 9-5340517 log tan + 9-56106.59 log sec -f 0-0270142 

log sin^ 9-7259842 log cos S — 9-6372524 log cos i — 9-9112682 
log sin A + 9.7259842 

dieih log cos B - 9.6372524 
Am. A= 320 8'48"-l 
B-115°42'23".8 
6-144''36'28".4 

2. Given c = 101° 16' 16".7, 5 = 115° 48'38".5; find A. 

Ans. A — 65° 32' 56".4 

&-^ H'lien n z=tC and consequently both =: 20°, iin A =^ 1, A c= 00", rnd 
to fhat B = b, but both nre indeterminate as In Art. 52. 
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55. Case III. G-iven one angle and its opposite side, or A and a 
P^e shall have 



whence sin e = cosec A sin a 



(92) 



sin 5 = cot J. taQ a 



(93) 



sin B = sin ^ = cos ^ sec a (94) 

cos a * ' 

Check, siti I = sin 6' sin B 

In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ambiguity not being removed 
by either Art. 49 or Art. 50. This also appears from Fig. 7. 

i^ig- 1- If AB and AQ be produced to meet in A', ABA' and 

AOA' are semi circumferences anAA^A'; the triangles 
J.5Cand A'BQ both contain the given parts A and a, 
but c', h' and B' are respectively the supplements of e, 
h and ^. It must not be inferred that in every case all 
the required parts are less than 90° in one triangle, and 
greater than 90° in the other; but the proper values for 
each triangle must be selected by Arts, 49 and 50. 



Examples, 

1. Given A = 100°, a = 112° ; solve the triangle. 

Ans. c= 70°18'10".2 "J C c = 109° 41'49".8 

J = 154° 7' 26"-.^ r '^'" "^ *"= 25°52'33".5 
5 = 152° 23' 1".3 } I B= 27° 86' 58".: 

2. Given A = 80°, a = 68° ; solve the triangle. 

Ans. e= 70°18'10"-2 ) f c = 109°41'49".8 

5= 25°52'33".5 > or < S = 154° r'26"-5 
B= 27°36'58"-7 J I 5 = 152° 23' l"-3 



3. Given 5 = 150°, S = 160' 
Ans. c = 186° 50' 23' 



; solve the triangle. 



;°50'23".3 ) r c=. 43° 9'36".7 

'° 4'50"-7 > or < a -140° 56' 9"-3 
° 9'42".7 ) I ^ = 112°5U'17"-3 
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SOLUTION OF SPHERICAL RIGHT TRIANGLES. 175 

56. Case IV. Given one angle and its adjacent side, or A and 5. 
We ahall find the required parts by the equations 

cos S = sin ^ cos 6 (95) 

tan a = tan A sin b (96) 

cot c = cos ^ cot b (97) 
Check, cos B = tan a cot o 

Examples. 
1 Given A = 80" 10' -30", h = 155° 46' 42"-T ; solve the triangle. 
Ans. i? = 153° 58' 24".5 
a= GT° 6'53"-6 
e = 110°46'20"-0 
2. Given 5 =152" 23' l"-3, <:( = 112°0'0"; solve the triangle. 
Ans. ^ = 100° 

5 = 154° 7'26".5 
c= 70°18'10"-2 

57. Case V. Given the two sides, a and h. 
We find the required parts by the equations 

cos c = nosaoosb (98) 

cot A = cot a sin J (99) 

cot iJ = sin a cot h (100) 
Check, cos c = Got-4 cot B 

Example. 
Given a = 116°, 5 = 16'-': solve the triangle. 

Ans. c =114° 55' 20' -4 
A= 97°39'24"-4 
5= 17''4r39"-9 

58. Case VI. Given the two angles, A and B. 
The required parts are found by the formulae 

cos e = cot J. cot B (101) 

cos a = cos ^ cosec B (102) 

cos 5 = cosec A cos B (103) 
Check, cos c = cos (I cos 6 
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Example. 
Given A = 60° 47' 24"-3, B = 67° 16' 20".2; solve tfie triangle 
Ans. e = 68° 56' 28"-9 
a = 54° 32' 32".l 
5 = 51° 43' 36"-l 



Additional Foemiti^ fok t 

59. As in plane trigonometry, 

aocuraey than tlie ordinary ones 



E SotunoK OF SpaBEiOAL Right Triaitoles. 
ises occur in which particular solutions of greater 
re required. (PI. Trig. Art. 112.) 



r+sin-4 -sins + si 
which by PI. Trig. (154) and (109) is reduced to 



wiiich irill give a n 
ei. From (91) w 



.n"(46»-J^)=--|-J-^-j--J 

accurate result than (89). -when A ia nearly 9' 



tan'ii = tauH''4-°)tani('-'') 
vbiah saaj he employed instead of (91) when b is small, or nearly 180°. 
62. From (00) we find 



an'lii 



!■('-■) 
n(o+«) 

which may he employed instead of (00) when C is small, or nearly 180°. 
6S. By similar transformations the formulae (101), (102) and (103) hecom. 

,.„.,■ -eo. (.t + J) 
* no. (..1-J!) 

tan- i » = tan H (A + Hj ~ 4r,.] tan [4J« + } (.4 _ «)] 
tan- S S = tan [J (A + B) - 4B»] tan [41i° _ J (J _ J)] 

We haye also, by (14], 

- eo. (A + B)~ ees g 



(MS) 
(100) 



which, when C ^ 90°, boeomes 



(110) 
(111) 



y Google 



an'(45°-n) = l^Tnd ^^^^^ 



QUADRANTAL AND ISOSCELES TRIAKGLES. 

of whieli (110) may be used when e is amaU, and (111) -when c is nearly II 
Btead of (101). 

64. The equations (93), (08), and (94), of Case III. gire 

J wjro 1 1 tan i (A — a) 
*^" f*^ ~i''>=^nT{^+^) 

tan' (45" - J S) = tan H-^ - ") t^ i (^ + ") (H^) 

The roots of these equatjoas having the double eiga, wa may take the anglee 
45° — J c, etc. either with the posiUve or negatiYe sign, whence the two solutions 
of the problem, as in Art. 55. 

65. Some of the solutions may be adapted for computation hy the table of natu- 
ral sines. Thus from (86), (95), and (98), 

Bin « = J [cos (c-A)- cos (. + J)] (115) 

oos5= i [sin (b + A)- sin (6 - A)} (US) 

eos . = 4 [eos (a + b) + eos (a - 6)] (117) 

66. The following relations are occasionally aseful : 
From (83) we have 



siuas 



From (80) and (83), 
From (fiO> and (84), 



(118) 
(119) 

67. Various relations may be deduced from the general formulre of the preceding 
ohapter by makiag O ;= 90°. The following are easily obtained : 

Bin (c + o) = COS ctanbeotiB = eos a sin i eot J .B 

cos (o — a) = ooa 6 4- an B sin itan J B 

008 («+ a) = cos i — sin a sin 5 cot J 5 

Biu (<, - 6) = 2 sin . sin J (^ + i?) sin H^ --S) 

Sin(ffl+i) = 2 Sin coos J (J + S)oos j(^— -S) 

^ ^ _ COS } ^ eos H cos ^ = - !i^^ii?.i* 

tan S = - cot J a cot ^ i {131) 

QcADaANTAI, AN1> ISOSCBIES ThIANOLES. 

68. The polar triangle of the right triangle is a quadrantal triangle, one side (the 
iide opposite Uie angle C) being equal to 90°. The solution of such triangles is aa 
simple as that of right triangles, the formulte for the purpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce theia here, aa 
quadrantol triangles are generally avoided in practice, and when nnayoidable are 
•^atJily Holved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right friangles by n 
DBrpendioular from the angle included by the equal sides, 
23 
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CHAPTER ILL 
SOLUTIOK OF SPHERICAL OBLIQUE TRIANfiLES. 

6S). In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value eaa be determined by other considerations. In certain cases, 
the trne value can be selected by applying one or more of the fol- 
lowing principles, some of ivhich are demonstrated in geometry. We 
Btili consider only those triangles each of whose parts is less than 180°. 
I. The greater side is opposite the greater angle, and conversely. 
II. Each tide is less than the sum of the other two. 
'III. The sum of the sides is lees than 360°. 
IV. The sum of the angles is greater than 180°. 
V. Uaeh angle is greater than the diffej'enee between 180° and 
the sum. of the other two angles. 

Por, by IV., A + B+ C> 180° 

whence, A > 180° - (5 + C) 

Fis. 8. But if _e + C> 180°, we have, in the polar 

triangle, A'B'C, Fig. 8, by II., 

a'<h' + c' 
180°-^<180''-5 + 180°- 
-A< 180° -{B+0) 
A>{B-\- (7)-I80° 

VI. A side which differs more from 90° than another side, is m 
he same qvadrant as its opposite angle. 
For, by (4), we have 

cos a — cos 5 cose 
sin b sin c 

ti which tho denominator is always positive. If, then, a differs 
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mure frcm 90° than S or than e, ive have, (neglecting the signs for 
a moment), 

and still more cos « > cos 6 cos e 

Hcnco cos a being numerically greater than cos h cos c, the sign of 
the whole numerator, and therefore the sign of cos A, ia the same 
as that of cos a ; that is, A and a are in the same quadrant. 

VII. An anyle which differs more from 90° than another anglt, 
is in the same quadrant as its opposite side. For, by (5), 

cos A +cosfico3 C 
cos a = sin B sin 

in which, if A differs more from 90° than B, or than 0, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The suni of two sides is greater than, equal to, or less than, 
180°, according as the sum of the two opposite angles is greater than, 
equal to, or less than, 180°. In other words, the half sum of two 
Bides is in the same quadrant as the half sum of the opposite angles, 
For, by (41), 

tan J (ffl + i) cos I (^ + _B) = tan J c cos ^ {A — B) 

the second member of which ia always positive, so that tan J (a -^ b) 
and cos ^{A + £) must have the same sign. 

70. Case I. G-iven two sides and the in- 
eluded angle-, or b, c and A. (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts b, c, A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = cos c cos b ~\- sine sin J cos A (ii) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines and cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the proi'esa of 
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PL Trig., Arts. 1Y4, 175. Thus, let i be a number and <p an aux- 
iliary angle suuh that 

k sin ip = sin 6 cos A "1 

tcos(p = cosi J ^ ' 

then (m) becomes 

cos a = ^ (cos c cos tp + sin c sin tp) 

= 4 cos (c — (p) {m') 

so that J and (f being found from (m)we may find a by (m'y But wo 
may eliminate k by dividing the first equation of (m) by the second, 
and substituting in m' the value of ft = — — , whence we have, for 

COS(J> 

finding a, 

tan $ = tani cosvl 



.s {c - 9) cos b y (122) 



which are the formulaa commonly employed.* 

To find £. The relation between b, c, A and B, is, by the first 
equation of (10), 

„ sin c cot & — cos c cos j1 , , 

«»'-B- BO (») 

This may be adapted for logarithms by the process nbove em- 
ployed, but to -assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin h, whence 



„.. Tj sm e cos — G 
cot Ji = - 



_ sin e cos 5 — cos i; sin b cos A 

sin h sin A 

which by (m) becomes 

„ A sin (e — «) 
cot B = -^ ^ ^^^-^ 2,' (n) 

or substituting the value of £ = ——^ — - — , the fovmuise for find- 
ing S are "" '^ 

tan tp = tan 6 cos j1 ") 

sm ip I 

* We might have assumed f sin ^ = cos I, f: cos <f = sin t cos .d, ■which would 
haTereduQod (m) to cos .1 = ^3111 (c-f-f). In tbjs way all the soliitiona that follow 
may be varied. 
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In the use of these formulEe, as indeed of all tliat follow, tho 
Bigns of all the functions must be carefully observed, according to 
PI. Trig. Arts. 37 and 40. 

We may take tp between and 180°, less or greater than 90°, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PI. Trig. Arts. 37 
and 174). 

Oheck. The quotient of [n) divided by [m") is 

cot B tan (c — ip) 
cos a " sinSsiiiul 

which multiplied by the following, from (3), 

sin uBvaB = sin h sin A 

gives tan a cos ^ = tan (u — $) (124) 

by ivhich the values of a and B, found by (122) and (123), may be 
verified. 

71. If a and C were required, the solution would evidently be 
similar, only interchanging h and c, B and 0. By the fundamental 
formnlse we should have 

cos n = cos i cos c + sin 6 sin a cos A 

sin 5 cos e — cos h sin c cos J. \ (0) 



and denoting the auxiliary angle in this case by ^, the logarithmio 
aolution would be 

tan ■^(^ = tan c cos A 

cos (5 — z) cos c 



Check, tan a cos C = tan (6 — ^) 



(126) 
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Examples. 
1 Given 5 = 120° 30' 30", 6- = 70° 20' 20", ^ = 50° 10' 10"; 
ind a ami B. 

By (122). 
J- 120° 30' 30" lug fan S - 0-2297071 
A— 50° 10' 10" logooB^ + 9-8065322 



9 - 132° 36'44"-2* log tan <p - 0-0362393 
c= 70°20'20"-0 
e-<p=- 62°16'24"-2 
Bj (122). By (123). By (124). 

log COS (e — ») + 9-6676893 log sin (c — ») — 9-9-170304 log Un (c — ») — 0-S793410 
M CO log COS » — 0-1693898 av co log oin » + 0-1381605 log tin o + 0-4291618 

logoosS — 9-7055701 logcot-1 -f 9-9212038 log oosB — 9-8501702 

Iogooaa+9-5426552 logeot-B— 0-0013847 Cliedc, —0-2703410 

a = 69»34'65"-9 £ = 135°5'28"-8 

2. GiTen J - 120° 30' 30", o - 70° 20' 20", yl - 50° 10' 10" ; 
find a und 0. 



3. Given S = 
find a and JJ. 



Ans. 


0-69° 34' 65"-9 




(7= 60° 30' 8"-4 


100° 49' 30" 


, ^-65° 33' 10"; 


Ans. 


. a = 64° 23' 15".0 




S-95°38' 4".0 


100° 49' 30' 


', ^ = 65° 33' 10"; 


Ans. 


, o = 64° 2-3' 16"-0 




(7=97°26'29".l 


80°3.V40", 


^-10° 16' ,30"; 


Ant. 


« = 20° 13' 30"-l 



4. Given 6 = 99° 40' 48", 
find a and 0. 



6. Given 5 = 98° 2' 20", 
find a and C. 

C=3O°35'50".7 

72. If £, (7 and a were all requiiud, we might find a and C' hy 

(125), and then £ by Art. 3, which gives 

sin a : sin 6 = sin J. : sin £ 

. „ sin b sin A 

or sm if => . 

sin a 

^^H'e may also ta]ieff = — 47° 28' 15 "■8, whence c — »= 117° 43' 8u' S, sLieb 
vill ^ve the same values of □ and B aa found iu tlie text 
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Of tlie two values of S less thaa 180° given by tliis foriniila, the 
pi'oper one may generally be selected by the principles of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of S,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. G-iven 6, e and A. Second Solution ; when the two 
remaining angles are reqniredj or when the three unknown parts are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin l{h + c): sin J (6 — e) = cot J ^ : tan 1{B— C) 
COS i (5 + c) : cos i{b-c) = cot^A: tan | {B + 0) 
whence 



tan i{S— 0) 



tan I [B + 0) 



sin l{l-c) 



H^ 



cot*^ 



(12ti) 



(127) 



COS -J {b + c) 

which determine \{B~ O) and ^ (-B + G); then the half difference 
added to the half sum gives the greater angle, and the half difler- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write c — b, Q ~ B,m the place oi b~ e,B— O. 
We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

6in^(J?+ C ] 



tan ^ a = 



us- 6) 



tan J (S — c) 



cos MB +(7) 



(1281 
(129) 



» By Art. 69, VI., if 6 diilers more from 90= 


■ tliau c, B is in tlie same quadrn 


b, and all ambiguity is reiaored. If c differ 


a mora from 90° than b, we may t 


and B hj (122) and (123), and then C by tlie formula 


sin G = ^^^^ 


in. A 


being taJion in tlie same quadrimt na (. 




t We may also find a from any one of Gauss 


I's Equations (44), ivLicli become, 


a present case, 




COS J<!sin5(B+ C) = cos 


.JvlccsJC*-^) 


cosJaeosKfi+(?) = «in 


iAco.i(i + .) 


sin ia&ini(B-C) = cot 


, M sin H* - <■) 


Bin J ^ oca 1 [B — (7) = sin 


. J^EinJ(*+=) 
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Examples. 

1. Ctiven 6 = 120° 30' 30", c = 70° 20' 20", A = 50° 10' 10"; 
find Bf (7 and a. We have 

}(} + «) = 85° 25' 25" 
i (i - «) = 25° 5' 6" 
iA = 26° 5' 5" 
By (126). By (127). 

«rcologsiiii(J + i!) + 0.0019487 arcologoo»}(6+c)- 1.0244829 
logsin i(S - c) + 9.6273228 log cos i(h-c) + 9.9569757 

log cot I ^ + 0-3296529 log cot J /I + 0.3296529 

log tan i (B - C) + 9.9589244 log tan J (.B + C) -irsililis 
i{B~C)- 42° 17' 40".2 |(B + C) = 92° 47' 48".6 

5 = 136° 6' 28".8 (7= 50° 30' 8".4 

By (128). By (129). 

ai-cologBinJ(B-C)+0.1720227 arcoIogcosJ(j5-C)+0.1309469 

log»ini(B+e)+9.9994824 logco!}(^+C)-8'6883709 

logtani(J-(!)+9.6703471 logtan 1(6 + e)- 1.0225342 

logt»n}« + 9.8418522 log tan } a +"9.8418520 

J«-34°47'28".0 

An,. B = 135° 6' 28".8 
— .50° 30' 8".4 
a = 69° 34' 56".0 

2. (Jiven 6 = 99° 40' 48", e - 100° 49' 30", A = 65° 33' 10" ; 
find .B, f and a. 

Am. B - 95° 38' 4".0 
a - 97° 26' 29".l 
o - 64° 23' 15".l 

74. It may bo vemarlied witli regard to (123) and (129} that, when i and c (aaii 
consequently Ji and C) nre nearly equal, a small error in the previoua dotermimi- 
(jon of the small angle J (i? — C) may prodaoealarge one in log sin J (S — C), a,iA 
consequently in log tan J a found by (128). In that ease, therefore, (129) must be pre- 
ferred. 

In like manner, if J [* + c), and consequently ^{B -{■ C), ai-e nearly equal to 
90°, (129) will become inacenrate, and then (128) is to be prefen-ed. 

Formula (128) would fail entirely if B = C, and formula (12S) would fail if 
J (S + C) = 90°, since the aeoond members in 'these oases would assume the inde- 

terminate form — . 

75. Case I. Given 5, e and A. Third Solution. When the 
third side is alone required, the computation lpy(122)ia inmost cases 
as convenient aa any other; but theie are various othei' methods 
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derived from the formulEe of the preceding chapter, which hav" been 
employed with advantage in particular applications. Among the 
moat convenient are the following, from (12) and (13) : 

cos a = C03 (b — c) — 2 sin 6 sin c sin^ ^ A {^^^) 

cos a = cos (6 + c) + 2 sin b sin c cos' ^ A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of whicli must be carefully ohserveil. 



Given 5 = 99° 40' 48" 
6ndo. 

iA- 32° 46' 35" 
S-« = -l° 8' 42" 


Example, 
, - 100° 49' 

Bj (130).« 
log sin" J J. - 

- 0.6675181 
+ 0.9998003 
+ 0.4322822 

By (131). 
kg cos- i^- 

. + 1.3689240 
. - 0.9366416 


30", A = 65° 33' 10" ; 

2 log sin J .4 9.4669152 

log sin c 9.9922023 

log sin b 9.993J722 

log 2 0.3010300 


- 2 sill 5 sin c sin^ J ^ = 

nat cos {b — c) = 

nat cos a = 

} ^ - 32» 46' 35" 
5 + c = 200° 30' 18" 


log 9.763979T 

a = 64° 23' 16" 

2 log CO! } A 9.8493748 

log sine 9.9922023 

log sin i 9.9937722 

log 2 0.3010300 


+ 2 sin 5 sin c cos^ ^A = 
nat cos (5 + c) = 


log 0.1363793 


nat cos a = 


. + 0.4322824 


a - 64° 23' 15" 



76. la Art. 14, we liave deduoed seTeral formulec liy which J o may lie eompated 
ffe may adapt (17) and (18) for logarithmic oomputatioii, as follows : 
Bin*{i= dnisiiiccoa'Jjl 

= Bin [i (i + <) + *] sm [J (i + c) - #] 

cosM« = o<.a'H*-'^)-si"'* 

= C03 [J (i - =) + *] cos [5 ib-c).-f] 
of whioh (182) ia to be preferred when J a < 45°, and (133) when J o > 45". 

« The oomputatioii of (130) is facilitated by tha usa of a special table (given in 
many treatises on navigation), from whioh. witli the argument A is taken the loga- 
rithm of 2 sin' iA = versin A. [PI. Trig. (4) and (130)] 
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77. Case 11. Given two an^jles ani the 
included side, or A, C and b. (Pig. 9). 

First /Solution ; vihen the third angle and 
one of the remaioing sides are required. 
' To find B. The relation between A, 0, b 
and B, is, by (5), 

cos jff = — cos C cos J. + sin sin A cos h (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

A sin 3- = cos A 




/iCosS- = ain^ eoaS 
then (m) becomes 



sio6 
sin Ceosyi + cos C'ain-icoaS 



which, by (m), becomes 



("0 



cos-B = h (sin CcosS-— cos CsinS^) 

= A sm((7~&) (mO 

or, eliminating A = -. — ^i the fovmulje for finding B are 

cot 9" = tan A cos h 

P sill (C-&) cos ^ !- (134) 

smy- 

To find a. From the third equation of (10), we find, 
sin Ccot A + cos Ccosfi 



(N) 



^ Acos(C--&) . , 

cot a = —. — , ■ , - (n^ 

sin A sin b ^ 

,. . . sinjicosJ n ^ T 

or, eliminating /[ = — — ■ ■ - i we have, for finding cf, 

cot 9- = tan A cos I) ~j 

cos(C-a)eotS I flS6) 

'"'''^ cos^ J 

As in the preceding case, we may either take 9- alwsrys betweiiii 
and 180°, less or greater than 90° according as its tangent is posi- 
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tive or negative; or we may take 3- numerically less tlian 90' in all 

cases, positive or negative, according to the sign of its tangent, 

(PI. Trig. Art. 174.) 

Qhech. The quotient of (m) by [m') is 

cot a cot ((7 — &■) 

cos^ ~ sin^ sini 

wMcli, muUipliud liy 

sin 5 sin « = sin A sin b 

gives 

tan Bwsa = eot {0 - &) (136) 

by which the values of B and a, found by (134) and (185), may he 

verified. 

78. If B and c ivere required, the solution would be similar, only 

interchanging a and c, A and C. By the fundameutal formula, we 

should have, 

cos B = — cos A cos + sin A sin cos b ~| 

sin,i cosC-t- cos-4sinCcos6 y (u'l 

cotc = — — -.--r,-. — -, — *■ ' 

sm U sm 6 

and denoting the auxiliary angle by K the logarithmic solution 
would bo 

cot^= tan Ccos S 

COS B = - — -——-5 

cos {A ~- ^) cot 6 

cot c = ^ 

cos ^ 

Chech, tan i? cos c = cot (yl — ^) 
Examples. 
1. Given ^ = 136° 6' 28"-8, (7- 60° 3(l'8".4, 4 - 69° 34'55"-9i 
find B and a. 

Bj (134). 
A= 135° 0'28"-S log tan^- 9-9980154 

J - 09° 34'66"-9 log cos S + 9-6426663 

a = 109° 10' 31"-0» log cot S- -9-541270T 

C = 50° 30' 8"-4 
0-3--.- 58°40'22'-6 

* We may also take * = — 70= 49' 29"-0, wiience C7— * = 12P 13 37"-4, wbieJ' 
will eTidentlj giye the same results as those obtained in the test. 



(1371 
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By (134). Ej (135). By (136). 

logem((7~a) — 39315QG4 logco3[(7— *) + 9-71593eS logoot(C— &) — 9-7843T22 

ar CO log Bin 3 4- 0-0247897 ai- co log cos*— 0-4835187 log tan 5 + 0^87^62 

logcos J— 9'8501762 logooti +9-6708352 log oos a —9- 7055757 

logcos5+9-80G5323 log cot a — 9-7702926 Check. —9 -784371 9 

S= 60° 10' 10"-0 o=120» 80' 29"-9 

Ans.B= 50°10'10"-U 
a=120'=30'29"-9 

2. GiTen^ = 135° 5'28"-8, C=50°30'8"-4, 5 = t)i}°34'55"-&; 
find B and c. 

Ans.B= 50°10'10"-0 
c= V0°20'20"-0 

3. Given A = 65° 33' 10", C= 95° 38' 4", h = 100° 49' 30"; 
find 5 and a. 

Ans.B= 97° 26' 29" 
a= 64° 23' 15" 

4. Given ^ = 97° 26' 29", (7=95° 38' 4", d = 64° 23' 15"; 
find B and a. 

Ans.B= 65° 33' 10" 
a = 100° 49' 30' 

79. If a, c and B wero all required, ive might find B and e by 
(137), and then a by Art. 3, which gives, 



a B ism A 

sin A si 



in 6 ; sin « 

(138) 



ainS 

Of the two values of a given by tbia equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.* But a-s casea 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



» Bj Art. 69, YII., when A differs raoro from 90' than C, a must be taken ia the 
same quadrant with A, aud all ambiguity is removed. If, then, by A we alwiiya 
denote that angle which differs more from 90° than tho other given angle, we mny 
always solve this case by means of (187) and (138), -without meeting with any diffi- 
oultj in determining the qualraut in whicli u is to be taken. 
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80. Case II, Given A, Cand 5. Seeond Solution; wlieii tlie two 
lemaining sides, or when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

sin ^ ( J. + C) : sin J (^ — C) = tan J 6 : tan i[o, — c) 

cos |(J, + C) : cos 1{A— Q) = iajnlb: tan i (a + c) 

whence 

^ 1 / \ sm^iA — C) ^ , , "1 

tanM<^-^) = ,i^-^C')t^ni5 

tan h(a + c\ = H^-^ — r— >,( tan i 6 

^ ^ ' cos J (-4 + (?) -^ 

which determine ^[a~ c) and J (tt + c) ; then the half diiForenco 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> A, ive may 
write 0— A, c — a in the place of A — Q, a — c. 

We may now find B by either of Napier's Analogies, (42) and 
(43), wtich give* 

cot i iS = ?°- \ ^^^ t^ni{A-a) (140) 



coti-B- ; ; tan^(il+g) (141) 

cos J (a — c) ^ ' 

Examples. 
1. Given A-135°5'28".6, (7= 6(1» 30'8"-6, } - 69»31'66"-2 ; 
find a, e and B. 

Wo hav6 } (^ + 0) - 92° 47' 48"-6 

1(^-O) = 42»17'40"-0 
5S = 34°47'28"-1 
Then, bj (139), 
Brco!ogsinl(A+O)+0-0005176 apcoIogoosi(^ + e)-1.811628() 



logBini(J.-0)+9-8279768 logoo»|(jl-0)+9.8 

log tan 1 S +9.8418527 log tan i S +9.8418527 

log tani (« — e) +9-6703471 logtani(a + c)— 1-0225348 

i(o-c)= 25° 5' 5".0 i(« + c)-9,5°25'25".0 

o_120»30'30".0 o-70°20'20".0 

* We may also find B by any one of Gauss'a Equations, (i4), interchanging B 
and C, b and c. 
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By (140). Ey (141). 

arcologsin|(fl-c) + 0-3726772 arcologcosl{ a-c) + 0-0430243 

logam|{a + c) + 9-9980523 logcos->( a + c)-8-9755171 

IogtanJ(A-C)+ 9-9589234 logtan^(^+C)-l-B111110 

log cot 1^ B +T32C6529 *log cot ^ £ + 0-3296524 

^j5 = 25°,y5"-0 

Am. a = 120° 30' 30" 
e= 70° 20' 20" 
B= 50" 10' 10" 

2, Given A = 95° 38' 4", = 97° 26' 29", b = 64° 23' 15" ; 
find a, e and B. 

Ans. a= 99° 40' 48" 
c = 100° 49' 30" 
B= 65° 33' 10" 

81. Case II. Given A, Cand S. TMrd Solution. When the 
third angle B is alone requ\'ed, the computation by (134) is in most 
cases as convenient as uny ither, but there are other methods (cor- 
responding to those given it Art. 75 for finding ci) which may occa- 
sionally bo serviceable. ]iy ^14) and (15) we have 

cos _B = - cos ( A + C) - 2 sin A sin Csin^ 6 (142) 

cos5 = -cos(A-C) + 2sin-A8inCeos^ii (143) 

the computation of whieh is similar to that of (130) and (131). 



ESAMPLE. 




Given ^-95° 38' 4", e-97°26'2n } = 


64° 23' 15" ; 


txiiB. 




By (H2). 




JS- 32°11'37".5 log sin' i S - 2 log sin 1 S 


9-4531022 


A+ C-ISS" 4' 33" log sin 4 


9-9978967 


log sin a 


9-9963-288 


log 2 


0-3010300 


— 2 sin ^ sin Csin' 15 = — 0-5602162 log 


9-7483557 


— nat cos {A+C) = + 0-9740715 




nat cos -B = + 0-4138553 B = 


: 66° 33' 9".9 


* For the re-isoua gketi in Art. 74, (lil) ia, in tiiis eianipie, r 


lot 80 a^snrato 


u (140). 
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82 In Art. li, severnl formula are given, by irliieli J B may be computed 
;21)an!l (22) we have 

ein- J B = cos* i {A — C) ~ dn A sin O eos' i b 
cos" J JJ = sin' J (4 + C) — ain ^ sin C sla" J 6 
which may be adapted for logarillimB, tliua : 

Bin" ji = sin ^ sin C cos' J 6 
sin' i B = cos- i (^ — C) — s'n' * 

= cos [J (4 - C) + *] 003 ii (A-G)-^2 i 
sin' ^ = sin ^ sin C sin' J- 6 ] 

003' h B = ein» H^ + t-) - ^''' # f (HS) 

= sin [i (4 + C) + *] sin [J (^ + C) - ,j] J 

of Ttiiioli (144) is to be preferred wlien ^ B< 45°, and (146) when J iJ > 45'. 

83. Case II. might baTe been rednoed to Case L by means of tlie polar triangle, 
Art. 8 ; for there will be known in the polar trinagle, two sides ajid an angle oppo- 
rfte one of them, being the supplements of the given angles and side of the pro- 
posed triangle. Tho polar triangle being BOlved, therefore, by Case I., and its two 
reradning angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all tlje formu're above given for this case might have been obtained by theeo 
oirnsiderations. 

84. Case- XII. Given two sides and an ^ig-^. o 

angle oppoS'H one of them ; or a. b, and A. 



First f^'lution, in which each required 
part is 'deduced directlj from fundamental 
formT>Ja> independently of the other two parts. 

Ta find c. "We have, by (4),* 

cos c cos S + sin a sin b eos J. = cos a 
t^ solve which, let 

fc sin $ = sin b cos A 
k cos (J) = cos 6 
then (m) becomes 

or putting c — ip = <p', 

k cos (p' = cos a 



*■ This formula has been already employed and adapted for logarithms in Case 1; 
but, for the salte of clearness, it is repeated. The student will remarli that a sim- 
ple transform atinn of (122) gives (I4G). It will also be observed that the given angU 
and the given side adjacent to it, in each of the first four cases, are denoted by A 
and b. m order that the ausiliaries ^ and a may have the same raluea throughout 




(M) 

H 



("0 
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The iiuxiliarj ip will be fully determined by (m), being taken be- 
tween and 180°, and always positive {Pb Trig. Art. 174) ; but, as 
tbe cosine of an angle ia also tbe cosine of the negative of that 
angle [PI. Trig. (56)], we may take <p' in (m') either with the posi- 
tive or the negative sign, so that c = (p zb $'■ There will thus be 
two values of a answering to the same data, both of which will be ad- 
missible, except when $ + ili'exceedal80°, in which case the only solu- 
tion is c = <p — (p' ; and except when ip' exceeds $ (which would make 
c negative), in which case the only solution is c = cp -b $'. 

Therefore, eliminating J, we have for finding o, 



tan $ = tan b cos A 



cos (fi = T — 



(146) 



To find 0. We have by (10), 

cos COS h + sin CcotA = sin 5 cot a 
or, multiplying by sin A, 

cos sin J, cos 5 -b sin t7 cos ^ = sin A sin b cot c 
to solve which, let 

A sin 9- = cos A 
A cos 9- = sin A cos b 
then (n) becomes 

k cos ((7 — 9-) = sin A sin 5 cot a 
or putting (7 ~ 9- = 9-', 

h cos 3-' = sin A sin 5 cot a 
(7 = & + 9' 



(N) 

(n) 



in') 



Here 9- will be fully determined, while 9' found by its cosine may 
be either positive or negative, so that we shall have in general two 
values of t? = B^ ± 9', corresponding respectively to the two values 
of e; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 



Eliminating h = 



wc have, then, for finding 0, 
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cot 3- = tan A cos h 
cos if' = cos 9- tan h cot a > (I'tT) 

To find B. We have several methods : 1st, directly by (3), 

sin B = ^"-4—— (H81 

em a ^ 

which gives two values of B, supplements of each other, correspond- 
ing respectively to the two values of o and Q. We shall presently 
see how to determine which are the corresponding values of c, 
C and B. 

2d. In (128), (p has the same value as in (146), and therefore put- 
ting in (123), c —$ = $', we have 

„ ain tf' cotyl 
cot B = — ^T— — - (149) 

which gives two values of B by the positive and negative valuea 
of $'. 

3d. By (124), 

cos B = tan $' cot a (1^*^) 

which also gives two values of B by the positive and negative valuea 
of $'. 

4th, In (134), & lias the same value as in (147), and therefore put 
ting in (134), C - ^ = 3-', 

sin 9^ cos J. , 

cos B = — .-- K -- (151) 

sin 9- ^ 

which gives two values of B, as before. 
5th. By (136), 

cot B = tan 9' cos a (152) 

which gives two values of B, as before. 

The formula (149) shows that when $' is positive, cot B and cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when $' is negative, cot B and cot A have ditFerent signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9^. Hence, that value of B wJiieh is in the 
same quadrant as A, belongs to the triangle in which e = ip + $', 
(7 = 9- + 9^ ; and that value of B which is in a different quadrant 
from A, belongs to the triangle in which c == <p — $', C =^ 9" — i^' 
This precept enables us to employ (148) without ambiguity. In the 
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use of (149), (150), (151) and (152), it is only necessary carefully tc 
observe the signs of the several terms. 

Checks. Of the various formulEe above given for finding B, one Or 
more may be employed for the purpose of verification. When c and 
have been found, the most shnple check is the following, from (3), 

'hO^'JILA (163, 

sill sma ^ ' 

which, indeed, might have been employed to find 0, after e ivas 
found, and reciprocally, but for the ambiguity attaching to the sines, 

85. Aeeording to Art, 69, VI., if b differs more from 90° than a, 
B must be in the same quadrant as 6, and, since but one of the two 
values of £ can satisfy this condition, there will he but one solution. 
In that case c and will each be found to have but one admissible 
value. 

86. The problem will be altogether impossible, when a differs more 
from 90° than b, and is yet not in the same quadrant with A. In 
such case, we should find tliat ip +(p'>180°, and ^ — <p'<.0; 
& + a'>180°, 9--y<0. 

The problem will also be impossible, when sin J. sin 5 > sin a, since, 
by (148), we shall J;hen have sin B > 1. 



Examples. 




1. Giyen ffl=40°iC', 6 = 47° 44', A 


= 62°30'i finds. 


Bj (148). 
a = 40° 16' ar CO logs 
5 = 4T°44' logs 
A= 62'>30' logs 
B^ 05°1C'35" logs 
or B = 114° 43' 25" 


n o 0-1896360 
n b 9-8692449 
n A 9-8994667 
n B 9-9582466 


2. With tlio same data, find c and B. 




B, (146.) 
o- 40° 16' 

8- 47° 44' logtani +0.0414996 a 
<1« 62° 30' logcos^ + 9.7844471 


iogcosa+9.8825-t99 
rcologcosfi-fO.1722,547 


?= 33° 48' 61".4 log tan <p+!r82594li7 
$'=±19° 30' 29"-0 
^,= 53°19'20"-4 
>,- 14»18'22"-4 


logcoSip+9.S195201 
log cos it'+9 97432,50 
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Bj (149). C/iMt. (150). 

i; - 33°48'51".4 »r<ologsin»+0.2545328 logcol»+0.0r20848 
<p'=± 19°30'29".O log8in<p'±9.5236676Iogtan(t)'±9-6493427 
A— 52°30' 0" logcoU +9-8849805 ±M21427S 

b'I lli-ls'a"'-! } I»ge»'-B±9'<'631809 logoosB±9-62U275 
Am. e - 53° 19' 20"-4 1 f « - 14° 18' 22"-4 

B - 65° 16' 34"-9 j " i _B - 114° 43' 25"-) 

3. Given a — 120°, i - 70°, yl = 130° ; find and B 
Bj (147). 
a= 120° log cot (1-9.7614394 

5= 70° log cos 5 +9.5340517 logtani +0.4389341 

^= 130° logtanJ-0.0761865 



a= 112°10'33".0 log cot 9- -9.6102382 log cos 3— 9-5768627 
y=± 53°13'I.3".8 log cosy +9-7772362 

e,= 165° 23'47"-4 
C,= 58°5T19".8 

Bj(151). Ohed. (152). 

&— 112°10'33".6iircolog»in^+0-0-533755 logcoso-9-6989700 
&'-± 63°13'13".8 logsiny±9-90300301oglany±0-1263669 
yl= 130° 0' 0" logcos-A- 9-8080675 ^9^2'53369 

b'= '66°I3'2»"^5 } •»g<!™-'*+!'-I'"'M801ogcotB+9-8253369 

Am. C-16.?°23'47".4 ) f (7- ,?S° 67'19".8 

i;-123°46'37"-5 j " \ .8= 56»13'22".5 

i. Gmn a = 70°, 5 = 120°, A = 130°; find 0. 
Bj (147). 
a= 70° log cot « + 9-5610659 

6= 120° logcosS — 9-6989700 log tan 6 — 0-2385608 

A^ 130° logtan^— 0-0761865 

a = 69°12'37"-0 log cot 3- +9-7751665 logoos9-+ 9-7091756 
»'-±108°49'3,5".l log C0S3'- 9-5088021 

C = 168° 2 12"-1, taking y with the positive sign only, since 
its negative value would render negative. 
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5. Give]i<i-39°40'48", S - 64° 23' 15", ,4 = 35" 88' 4"; find 
0, OmiB. 

Am. = 100° 49' SO" 
a= 97° 26' 29" 
B- 65° 33' 10" 

6. aivenii = 40°5'25"-6, S = 118°22'7"'S, 4 - 29° 42' 33".8 ; 
CEd «, C and B. 

Am. e-153°38'42".4"l ( e = 90° 5'41".0 

(7 = 160° r24".4 V or < 0= 50°18'55"-2 
B= 42°37'n"-6J I _B_137°22'42"-5 

7. Given o - 69° 34' 56", J = 120° 30' 30", A - 50° 10' 10" ; 
find and C. 

Am. e = 70° 20' 20' 

0-50° 30' 8".4 

8. Given o = 120° 30' 30", S = 69° 34' 56", ^1 = 50° 10' 10" ; 
find c and 0. 

Am. Impossible. 

9. Given a = 40°, & = 60°, ^ = 50° ; solve tlie triangle. 

Ans. Impossible. 
87. Case TIL Given a, I and A. Second Solution. We find 
B bj tbe formula 

sin A sin i 
sin i? = - ^^^^ — 

and then by Napier's Analogies, (41) and (43), 

"°^''- c.sH.A-S )"°i('' + ') 

eol}C=5?li<ii±i)ta„i(^ + .8) 
'^ C03^ (a — o) -^ ^ ' 

or by (40) and (42), 



(154) 



sin i (^ + j5) , , , , 1 

tan J c = -^^7-r^^, tan i ( « — 5 ) ■ 

cot i C= ^ 1(1 1 4 '''" ^ f^ ~ -^^ 
m which we employ suceossively the two values of B, and obtain 
two solutions, except when for one of these values the second men 
bers hecome negative, for \ e and \ C being less than 90', their 
tangents must be positive. 
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We leave it to the student to apply these fonmilDj to the preceding 
examples. 

88. To delermine iy inspection of the data a, h and A, whether there are tvio soluUom, 

1st. It haa already been seen, Art. 86, tliat when b differs more from 00° than a, 
B must be in the same quadrant as b, and there can be but one solution. It rem^iinp 

2d. That when a differs more from 90° than b, tliere will necessarily be two aolii 
'inns. We have, by the first of (4), 



Two solutions esist so long s,s both values of e are posItiTe, and less than 180°, tba* 
is, so long as sin c is positive. Now when, a differs more from 90° than b, we have, 
(neglecting the signs for a moment), 

therefore the numerator of the above value of sin o has the sign of COS a. But by 
Art. 69, VI., a and A are in the some quadrant, and eos o and cos A have the same 
sign ; consequently also, the numerator ajid denominatoi' haie the same sign, and 
the value of the fraction, or of sin e, is posiUve, as was to be proved.* 

Henoe, tlure U but one aoMioniohen the side epposite the given an^le difers less from 30° 
ihasi the other given aide, and two solatiom when the aide oppotiti the given atigle <lifen 
more from 90° than the othir given side. 

89. Case IV. Given two angles and a side opposite one of them, 
or A, B and h. (Fig. 9). 

First Solution, in which etieh required Fig.a, c 

part is deduced directly from the fundamen- 
tal formulae. 

To find e. We have, by (10), 

sin e cot 6 — coac coa J. = sin A cot B 
or multiplying by sin 6, 

sin c cos 6 — eos c sin b cos j1 = sin J. cot B sin b (m) 

to solve which we take 

& sin (J) = sin i cos A 1 

* The same proposition may be otJienvise proved thus. By the equations (m) 
Wid (ni') Art. 84, we liave 

cos * = J. cos f = ^ — ^^ 

from the third of which we see that A has the sign of cos A ; if then a differs more 
from 30° than i, that ia, if cos a and cos A hove the same sign, cos ^ is positive, 

or -y differs more from 90° thim -p Henoe *' < ^ and f < 180° — ^, or * — / > 
and <p-i- .p' < 180°, or both values o/ c are between and 180°. 
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then, putting e — $ = (p', (m) becomes 



{m') 



or eliminating k, we have, for finding c, 
tan $1 = tan i cos JL 
sin (p' = sin $ tan .A cot B i- (156) 

c = $ + (p' 

Here (p' being detormined by its sine, will have two values, sup- 
plements of each other, which being successively added to $, give 
two values of c. 

When the second member of the formula 

sin <!>' = sin $ tan A cot B 
IS negative, sin $', and therefore <p' is negative, and the two supple- 
mental values of <p' must be successively subtracted from $. There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180°, or when one of them is negative. 

To find a We have, by (5), 

(N) 



sin a sin ^ cos 6 - cos cos A - 


.co« 


■whence, if wo put 




^ sin 9- = cos A 




A cos 9 =sin jlcosfi 




and also C — 3- = y, we have 




;isiu9' = cos5 




C = & + ^' 




Eliminating h, we have 




cot 9- = tan ^ cos b 




.i„..-™^»-^ 





C = 9- + 9' } 

As 9^ is also determined by its sine, it will have two supplemental 
values, which will both be added to or loth subtracted from ^, (ac- 
cording to the sign of sin 9',) thus giving two values of 0, except 
when one of them esceeds 180°, or when one of them is negative. 
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To find a. Wo have several methods : 1st, directly hy (3). 
which gives 

sinfisina 
sin a = — . -n~ (^5H 

sin £ ^ ' 

2d. By (liS), where (p and $' have the same values as in this case. 

cos iC' COS l> 

3d. By (150), 

cot a= cot ip'cos_5 (165) 

4tli. By (147), where & and 9-' have the same values os in this 
case, 

cos B-' cot S , 

cot a = —^ — (1(>1\ 

5th. By (152), 

cos a = cot 3-' cot B (162) 

Each of the last four formulae gives two supplemental values of 
a by the two values of tp' or &■', employed in the second members. 

From (15G) we have 

cos A = tan (p cot b 
which with {159} gives 

cos a Rin b 

cos A ~ '^'^^ * sin $ 

The sign of the second member of this equation depends upon 
that of cos (p'j since sin b and sin $ are always positive. Hence 
when cos tp' is positive, cos a and cos A must have like signs ; and 
when cos tp' is negative, coa a and cos A must have diiferent signs, 
A like result follows from the first of (157) and (161) with reference 
to 9-'. Hence, that value of a, which is in the same quadrant with 
A belongs to the triangle in which <p' < 90°, 9-'< 90° ; and that value 
of a which is in a different quadrant from A belongs to the triangU 
in wAm^ ip'>90'*, 9''>90°. This precept enables «s to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it ia only necessary to observe the algebraJc signs of the several terms. 

Cheeks. Of the various formulae above given for finding a, 03ie or 
more may be employed for the purpose of verification. When c and 
CLave been found, however, the most simple check is 
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sill C _ sin JJ 



(163) 



which might have been employed for finding C after <! was fouDcl, oi" 
reciprocally, but for the ambiguity attaching to the siires. 

90. According to Art. 69, VII., if A differs more from 90° than 
jB, a muat be in the same quadrant with A. But since the two 
values of a aro supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case c and Q will each be found to have but one admissible 

91. The problem will be impossible when B differs more from 90° 
tnan A, and yet is not in the same quadrant with h. In such case 
we should find both values of e (and both values of 0) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 6 sin ^ > sin B, 
since hy (lo8) we shall then have sin « > 1. 



Examples. 
-. 132° 16', B - 139° 44-, S = 127° 30'; find a. 



By (168). 



B = 139° 44' 0" I 

A = 132° 16' 0" 
h - 127° 30' 0" 
a — 65° 16' 36".l 
» = 114° 43' 24".9 
. With the same data, find a 



log 



uB 0.1895350 
n A 9.8692449 
in 6 9.8994667 



By (157). 
= 139° 44' 0" 

- 132° 16' 0" log tan jl-0. 0414996 a- 
= 127° 30 C'logcos S-9.7844471 
= 66°11' 8".6 log cots -I-9.8259467 
-+ 70°29'31".0 1 

. + 109°30'29".0 / 

= 126°40'39".6 
» 165°41'37".<- 



log cos £-9.8825499 
ologcosjl-0.1722541 



gein 9-+9.919."''ftt 



log8inS'+9.9743250 



y Google 



SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 201 

By (161). Chech (162). 

» - SS'll' 8".e iLrcoIogcos3-+0.2545S28 logcjotB-0-0720848 
&',- lO-ra^Sr.Ol i„g„5y^9.5.236678 i„g„t3-'±9.S493427 
■8849865 =f9.6214275 



y,-109°30' 

h =12T°30' 0" log cot 6— 9. 

o, -114°43'25".1 1 ', , „ 

.-65°16'34''.9| 1°S"»»^S 

Am. (7-126° 40' 

<i-114' 



6631809 logoos«^:9.6214275 

39".6 1 f ff-165°4r37".S 
26".l /"t a— 65°16'34"-9 

3. Given A - 110°, B - 60°, i - 50° ; finil a and a. 
By (156). 
B = 60° logcotS+9.9614394 

A - 110° logco3A-9.5340517 Ioglan^-0.4389341 

5 = 50° logtaiiS +0.0761865 

$ = 157°49'26".4 logtan$-9.01O2382 logsin $+9-5768627 



)',= — 36°46'46".2 1 
,;— 143°18'13".8 J 
, - 121° 2'40"-2 1 
. = U°36'12"-6 / 



log sin <p'-9.7772362 



Bj (159). OJmk. (160). 

IP = 157°49'26" .4 arcologoostp— 0.0333755 logoosS+9.6989700 

*'■ ^SI''I!!JoI'o I logcos(t'±9.9036030 1ogcot(t'=F0.1263669 

$j^ — 143 1313 -8) 

b = 50° 0' 0" logcosS +9-8080675 ^9-8253369 

o, - 123°46'37"-5 1 i„.e„sa:p9-7450460 logcota=F9-8253369 
«, - 66°13'22"-5 ; ° 

Am- c=121» 2'40"-21 f o - 14° 36' 12"-6 

o - 123° 46' 37"'5 J " \o=56°13'22"-5 
4. Given A = 60°, S = 110°, i = 50° ; find e. 

An,, e = 11° 67' 47"-9 
6- Given J- -115° 36' 46", £- 80° 19' 12", S - 84° 21' 56"; 
find «, c and C. 

Am. a = 114° 26' -50" 
c - 82° 33' 31" 
0= 79° 10' 30" 
6. Givenjl-61°37'52"-7, S = 139°54'34"-4, S-150°17'26"-2i 
Gnd a, 3 and 0. 

Am. o- 42°37'17"-5 I f « = 137° 22'42"-5 

» - 129° 41' 4"-8 y or < o = 19° 68' 35"-6 
C- 89°54'19"-0 ) I C= 26°21'17"-6 
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7. Given ^i = 70°, B = 120°, 5 = 80° ; solve the triangle. 

Ans. Impossible, 
s. Given A = 60'^, B = 40*=, 5 = 50° ; solve the triangle. 

Ans. Impossible. 
fl2. Cask IV. Given A, B and h. Second Solution. "VVo find a 
by tho formula 

sin 5 sin -4 



&i\iB 



and then by Napier's Analogies we find c and C, precisely as m 
Case III., Art. 87, employing successively, in (164) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 



93. To diUrmme iy w 


tspeelion of the data A, B and b, whether then lo- 


etwo 


solutimii 


or init one. 










1st, It has alrendy b 


een seen. Art, 90, that when A diffi 


;rs more froi 


Ti90' 


'thanB, 


a muBt be in the same 


quadrant with A, nnti tliere Can 


be but one 


solu 


tion. It 


remains to show that, 










2d. When 3 differs i 


aore from 90= thau J, there will ne 


leessarily be 


two solatioiis 


We have, by (5), 


^.^ ^ coai?+oosj:cos(7 










sin Aaoib 




Two solutions esist so long as both values of are less tli 


anl80=,andbnth 


positive. 


that ia, so long as sia C is positive. Now when B differs i 


nore from 90° ti; 


m A, we 


have, (neglecting signs 


COS B > cos ^ > COS A cos a 








therefore the numerati 


3r of the value of aiu G has tiie 


Sign of coa 


-S. 


But by 


Art. 69, Yn.. 5 and J i 


ire in flie same (jnadrant, oonseqii 


ently the n 


iimer 


ator and 


denominator have the Si 


nme sign, and the valua of the fraction, or of a 


inCi 


s always 



positive, Ks was to be proved.* 

Hence, there is but one solution tcken the atigls opposite the given side differs less from 
90° than the other given angle ; and iieo solutions icheti the angle opposils the given lids 
differs moi's from 90° than the other given angU. 

94. Case IV. might have been reduced to Cnee III. by meana of the polar trinngls 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
oppoaite one of them, being the supplements of the given, angles and side of U19 
proposed triangle. The polar triangle being solved, therefore, by Case III., and ita 
twc remaining njiglca and third side found, the supplements of these parts will be 
Uie required sides and third angle of the proposed triangle. 

• If may be shown that both values of C n-iU be admissible, by a process of rea- 
soning similar to that employed in the note 011 page 197, applied to ihe equation* 
of Art 8'.'. 
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SOLUTION OF SPHl .tICAL OBLIQUE TRI VNGLES. 

95. Case V, G-iven the three sides, or a, b 
and c. (Fig. 9.) Wo have three methods 
^'or computing the half angles : 

ist. By the sines, from (31), remetobering 
that 

s = l{a^b-\-c) 




sin h 

in (s — c) sin (s - 
sin c 3111 a 



2d. By the cosines, from (33), 
-J V sin 6 si 



in (a — 6) sin (s — c) 



i.(i_-a)_ 



^) 



sin 6 / 



cos J j4, = 



^) 



N \ Sill e sill a J 



^J{'- 



T^srs ) 

3d. By the tangents, from (34), 

t™M-J(, sin,sin(.-o) > 
^ \ Sin s Sin (s — o) / 



'iO=J( 



sin (s — a) sin (s — 5) 
s sin (s — c) 



(10-:) 



(165 



(166) 



When only one of the angles is required, the simplest method will 
bo by (165), but if the required angle is less than 90°, it ivili he 
found more accurately by (164), for then ^ A<. 45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) wa 
always have an accurate result, although the formula is not quite so 
simple. 

When the three angles are required, (166) will require the leas': 
labor, since sin a, sin b, and sin c, are not then required. 
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204 SrHERICAL TRIGOKOJIETRT. 

No auioiguitj' can arise in these solutions, since the half angles 
must be less than 90° ; thej require therefore no attention to the 
algebraic signs, 

Examples. 

1. Givun a 



= 10(l», J. 


.50°, 


e- 


. 60° ; Slid A. 


o - 100° 








S= 60° 






logcosec 0-115T460 


0= 60° 






logooseo 0.0624694 


2 . - 210° 








.-105° 






log sill 9-9849438 


-«- 6° 


7'52' 




log sin 8.9402960 




2)91034553 


JJ.= «9° 


log cos 9.5517276 


A - 138° 


15- 45" 


■4 





2. With t!ie samo data, find all tlie angles. 

By (166). 

«=105° 1. cosee 0.0150562 I. cosec 0.0150562 I.co8ec0.0150562 

,_o= 6° l.coseo 1.0697040 1. sin 8.9402960 1. sin 8.9402960 

s— 5= 55° 1. sin 9.9133645 I. cosec 0.0866355 1. sin 9.9183645 

,_c^ 45° I sin 9.8494850 1. sin 9.8494850 1. cosec 0.1505160 



2)0.8376097 2)8.8914727 2)9-0192317 

1. tan 0.4188049 I- tan 9-4457364 I- tan 9-5096159 

Jjl- 69° 7'52"-7i-B-15°36'37"-0iC=17°54'59"-l 

Ana. j1-138»15'45"-4 i;=31°irl4"-0 C= 35° 49'58"-2 

3- Given a = 10°, 5 = 7°, e = 4°; find tlie angles- 

jln»-^-12S»44'46"-l 
B — 33° 11' 12"-0 
C— 18°15'31"-1 

B6. The method by (166), may he put under the following conyenient form. Let 
n(,-.)m( . -l).in(.-.) \ 1 



= J(^ 



thcD [ (167) 

»>-^ = .tM;^. -i--.,.,^.:.-.,. -i^-sirifcii J 

which arc similar to the formula of PI. Trig. Art. 146, and are computed in the pamo 
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SOLUTION OF SPHERICAL OBLIQUE miANGLES, '205 

97. Case V. Given h, b and e. Semad Sohiiion. If tie whole angle is tejuirod 
flirectly,* we liava 



wMoIi may be adapted for logarithms Ity in ausiiiai-y thua ; 



si'' (^ - ■») 



J 




98. Case VI. G-tven the three angles, or 
A, B and Q. {Kg. 9). We hare three methods 
uf finding the half eid'^s : 
1st. By the sines, |^36). 
2d. By the cosines, (88). 
3d. By the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 
Given A = 120°, B = 130°, C = 80° ; find c. 

Ans. c = 41°44'14".6 



99. The formulto (89) may be arranged flir oi 
the corresponding formulai of the preceding case, Art. 96. 

100, Case VI. Given A, 5 and C. Second Solution. We have, by (5), 



whlob mij be adapted for logarithma by ai 



* See Note at the end of this chapter, p. 211, for the method of computing miiny 
of the general formulte of spherical trigonometry directly, without the aid of aus- 
iliar; ftngles. 
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SPHEEICAL TRIGONOMETRY. 



SoLniioH OF Obliqub Speeeical TaiAKOLES BT Mbahs op a Pekpbhdiouue. 

101. AU the oases of oblique spherical triangles may be Bolved by dividing UiD 
Irianglo into two right triangles by a pei-pendioular from one of the Tertioes to the 
'■ppoaite aide, and aolving these partial triangles by the metboils of tlie preceding 
fchapter. Bowditoh has given two nilea, based upon Napier'a Rules, (Ait. 46), by 
which the application of this method is facilitated. 

102. Bon/dilch's Mules for Oblique Trianglea. "If m a 

^s- 11. c spherical triangle, (Fig. 10), two right trianglos nra 

formed by a perpendicular let ftill from one of its yer- 

tices upon the opposite eide ; and if, in tlie two right 

triangles, l^e middle parts are so taken that the perpen- 

j dioular is an adjacent piu-t in both of them ; then 

The sines of the middle parts in the two triangles are pro- 
portional to the tangents of the adjacent parts. 
But if the perpendicular ia an opposite part in both tiie triangles, than 
Fhe iiaea of the middle parte an proportional to thecoiines of the opposite parts. 
To prove wbioh rules, let M denote the middle part in one of the right triangles, 
n adjiifieBt part, and an opposite part. Also, let m denote (he middle part it 




. adjacent part, and o an opposite part ; and lot p denote the 



the olher triangle, t 
perpendionlar. 

First. If the pei^endicular is an adjacent part in both triangles, we have, by 
Nipier's Rules, (Art. 46,) 

ainJf = tan-4 tan^ 



* Pcirce's Sphtrical Trigonometry, Art. 44. 
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SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. -JO? 

JOS. CasbT. Giyen i, c and .4. Let the perpendicular C/", Fig, 10, bo iti-awn 
ftom C, (tliot is. in such a manner as to put two given parts in one of fie rigbt 
trianglea). Tlien tlie right triajigle A O F gives, by Napier's Rules, if we put 
Ar= i, 

taii* = tan i 003^ (172) 

then taking co. b and co. o as niidille parts in the two triangles, A T =l ■> aaJ 
B P= a — ^. * are the opposite pai'ts, mbeiice, by Bowditch's Rules, 



cos a = . X JL) :! '" (173) 

Again, taliirg A P and P B as middle parts, co. A and co. B a,re adjacent parts, 
whence, by Bnwditcli's Rul(^s. 



Hud the focmultc (172), (178), (174). agree entirely with (122) and (133). 
The triangle B C I' gives as a check 



(•74) 



(17S) 



ffliich iigrecs with (124). 

By drawing the perpendioular from B, we may in the game manner obtain the 
formulEB (125). 

Tiie angle C may be found tiy the proportion 

or if C lias been found by means of a perpendicnlar from B, B may be found by a 
similar pi-oportion, as in Art. 72 ; and the quadrant in which the angle Is to be taken 
must be determined by tlie principles of Art. 69. 

104. Case II. Given A, C and b. Let the perpendicular be drawn as before, 
Pig. 10, and let 

ACP = S, BOF= (7 — 3 + 

Uieu, by Napier's Rules, 

cots — tan 4 003 i (176) 

and Ijy liowilitch's Rules, faking co. A and co. B as middle parts, and tJierefort 
CO. A CF and co. B CF as opposite parts, 

sin 3: ain((7 — S) = cos ^ : cos S 
irhenoe 

...i,_*(-^--5~^ (177, 



* If ^ /' should exceed A B, [that is, if the perpendicular sliouH fall without 
the triangle), B P would he equal to .4 P — A B ^= 'I' — c, and the solution oonliJ 
he modified accordingly. But the true results will always he obtained by regarding 
if Pas neg.Ttivo; that is, by still taking B F^ c — <p and attending to tie signs of 
oil the terms as already exemplified, p. 182. 

f If AC P> AC B, B O F = C~A G P w'lll become negative, but the triw 
results are still fouiiil by attending to the signs, as already shown, p. 187, 
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208 SPHERICAL TRIGONOMETRY. 

Again, taking co. A C-P and co. B C Pas middle parts, nnd therefore co. A and CO. • 
«g ad.iauent parta, Bowditcli'a Rules give 

eo3 3 : ons (C — S) = cot i r cot a 
whence 

...._™<^S!^ (.78) 

and (176), (177), (178). agree entirely with (134) and (135) 

The triiingle BOP gives 

tanBeos« = eot((7-5) (179) 

which agrees with (136). 

By drawing the perpend iculiir from A, we may in the same manner obtain the 
formulio (137). 

The side o may be found from the proportion 

and Art 69 ; or c being found by means of a perpendicular from A, we way find a 
by a similar proportion. 

105. Cabe III. CiTen a, b and A. Let the per. 
pendienlar be drawn from C, Fig 10, as in the preced- 
ing cases, and let ji P = 'i>, BP=<p'; tlien, by Na- 
pier's Rules, 
■, tanri — tan J cos ^ (180) 

■ and, by Bowditoh's Rules, 



and til en 

In Art. 81, we have found, from analytical considerations, that this case admits 
of two aolutiong, and that the general expression for c is 

.=..*,■ (182) 

In fact, let us attempt to construct the triangle with the data a, b and A. Having 
constructed il equal to the given angle, and 4 equal to the adjacent side, Fig. 11,1ot 
Fig. 11. ^ a small circle be described about C as a 

pole, with a (circular) radius = n; this cir- 
clfl intersects the great circle AB in two 
points, B and B", and both triangles, ACB 
and ACB' contain thesEime data a, i and ji. 
If the perpendicular CP is drawn, we have 
BP = B'P, so that in one of the triangles, 
the aide i; = ^ii = ^P + P.B = ^ -f ■;,; 
irvS. in the other, e = AE = AP — B'P = * — f . If both points of intersection, 
B and B', fall on the same side of A, and tvithin 180° of A, both noiutions will be 
admissible. 
To find C, let ACP = s, and BOP = 3', then by Napier's Koles, 

cot 3 = tan J cos J (188) 
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SOLUTION OF SPHEEICAL OBLIQUE TRIAKOLES. SOS? 

and by Cowdjteli's Rules, 

whence 

cos 3' = cos S tan /- cot « (i84) 

ancl since in Fig, 11, 
C ^ AGB=: ACP-\- BCP = S + s', 01- (7 = ACB' ^ ACF ~ WCP = a ~ 9'. 

= 3 dz S' (185) 

and the formulje (180), (181), (182), (183), (184), (185), agree entirely with (IdC) 
and (147). 

After c was found, we might have found C &om the proportion 

.in . : ,in . _ .in ^ : .in (7 (186j 

and B is found from the proportion 

sin o : sin 6 = sin ^ : sin B (187) 

The two values of i? determined by (187), are both actraissible when chas two values 
Bs ahove. It is also evident, from Fig. 11, that the two values of £ are supplemental. 
To determine the corresponding values of c and B, we observe that, by Art. 49, the 
perpendioulor CP is in the same quadrant with A and with CBP and CB'F, and 
therefore GBA is in a different quadrant from A. Henoa, that valite of B v/Mckitia 
the same quadrant as A corresponda to the value o/ i: i= <J + *', and that value of B 
vthich is in a different quadrant JYom A eorreiponds to the value of e = * — ^' ; which 
agrees with what is shown in Art. S4. 

In computing (180), the two values of c must be employed successively, and the 
formula computed twice. At each computation we shall have two valnes of £7 found 
from the sine, one of which must be selected by Art. 69. But as the application o( 
the principles of Art. 69 is tedious and embarrassing, it is better to find C by (184) 
and (185). 

The foi-molK {'.40), (ISO), (151), (152), for finding B, may easily be do iiicci bj 
Napier's and liowditoh's Rules. 

106. Cask IV. Given A, B and h. Let the perpendicular be drawn as before, 
Fig. 10, and let AP = ^, BP = f', then as before, 

tan ^ = tan 6 cos A (188; 

and by Bowd itch's Rules, 

whence 

sin tf' ^ sin ^ tan A 
= = .? + *' 
which agree with (156). But <i' having two supple 
ilne, c has two values, as already explained in Art. 

To show the same geometric ally, let B!', 
Fig. 12, be the acute value of ■/, and about 
i7 as a pole, let a small circle be described 
passing through B, and intersecting the 
great circle AB again in B". Let J?"Cbe 
drawn, and produced to meet AB again in 
If, forming the lune B"B'. Then we have 

B' = B- = OSA 
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SPHERICAL TRIGONOilETRY. 



so that ill lioUi triiingles, ACB and ACB , 


the value of the angle oppc 


isits the s 


ide & 


ia the same, that ia, tioth tv 


iangles oo: 


utaiD 


the same data, A, B and b. 


Suit 




180° =B"B'=:B"P-\-B' I 


' = BP4- 


i?/-, 


so Uiat BF and B'F are : 


mpplercm 


ts of 


each other. 







In the triangle J CiJw 



= * + *' = ^7" + ^BP 



c = * + *' = ^P + J5'i' 
and henca the two valnea of c are foviiid by giving }>' its acute and obtuse vnluea 
fluecessivelj, us already shown analytically. 

By Art. 40, CB must be in the same quadrant with A \ henee, if B ia in the samo 
qnadrant with A, P falls between A and B, as in tlie figure, and for the same reason, 
between A and i". But if A and B were in different quadrants, both poinla, 
B and B, might fall between A aaid P. The two values of c would then be found 
by tlie formula 

$' taking, successively, ita acute and obtuse values. In that case, ton A and oot B 
would liave opposite signs in (189), sin ^s' would be negative, which would make #' 
negative, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the several terms, as already fully exemplified, p. 201. 
To find C, lot ACP = S, BOP =2 ?■, thea we have, as before, 

cots = tan^ COS* (190) 

and by Bowditcli's Rules 

whence 



which agree with (157). It is evident from Pig. 12, that BOP and B'CP, a 
plemental, and tliat the remarks above made with reference to #' apply also 
After c was found, we might have found by the proportion 



and B Is found by tlie proportion 

sin B: sin A = slab: sin a (ly3j 

The tw) values of a found by (19S) are both admissible when b has two values. 
From Art. 80, it follows that when £P is acute, a must be in the same quadrant 
with CP, that is, (ArL 49), in the same quadrant with A ; and when BP is obtuse, 
a must be in a different quadrant from A. That is, that value of a ti>hich is in the lami 
quadrant icilh A, belongs to the Irimiffle in n-hkh Jp'< 90°, and thai waZuc o/a tiihkh it in 
a different quadrant from A, belongs to the triangls in tohich ip' > 90° ; which agrees witli 
Art. 80. 

The formulte (159), (160), (161), and (162), for finding a may easily be deduced 
•ly Napier's and Bowditch's Rules. 
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SOLUTION OF SPHEKICAL OBLIQUE TRIANGLES. 

lOr. CaseV. Given h, iand c. The perpccdioular pjg.is. 

cannot Oe drawn, in this ense, so that two of tlie given 
piirtssiiallbeinoae triangle; nevertheless the case ciiii 
be aolvud by means of a perpendicular. Let the porp. 
he draitii from niij angle, as C, Fig. 13, and as before, 
fiilAl' = f, BP ^ f; then by Bowditch's Rules, 







nr, by PI. Trig. (110), 

tanJ(* + rtta'>K^-*')=t^HS + '')tani(i-a) 
whence, since ^,^ -]-*' = f, 

tan i (.> - c') = tan i_{i + a) tan *(*-") «»' i " 

which determine J (*> — #') and J (* + ^') whence * and *'. The angles .4 and B 
are llien determined by Napier's Rules. 

108. Case VI. Given A, B and C. In Fig. 13, let ACP = i, BCF = 3' ; then, 
by Bowditch's Rules, 



} (194) 



or, by PL Trig. (109) and (110), 

jrlience, since 3 -f S' = O, 

tan J (3 - y) = tan I, {B ■{. A) tan ^ (^ A) tan J C 1 -jpg 

J(3 + S')=J(? * 

Bhich determine J (3 — e') and H^ + S') and tlierefore i and 3', The sides a and i 
ere then found by Napier's Rules. 

Note refeebed io on page 205. 

Coraptdaiion of Spksrii:al Formula: ly the Gaussian TalU. 

The Gaussian Table is a table, first suggested by Gauss, for readily computing tha 

logarithm of the sum or difference of two quantities, when the logarithms of these 

quantities are given. 

If p and q are the two numhers whose logarithms are given, p being the grealWf 
number, (or logp the greater logarithm), we liave, in the first place 



pJr 

If, tlien, we put i = — 



('+f)='0+-|) 

; = logp~log? 

) = log ? + log (1 4- 1) 

!og(y-l-(.)=Iogp+log(l + -i 



log I = logp — log? 
'og (p + s) = log q + log (1 4- r) 
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212 SPHEErCAL TRIGONOMETRY. 

Doiraof's Table XXII., with tLo argument log k, the difference of tt! glTen logfiiv 
ithma, gires iog (1 -\- x), whicli being added to log 5, the less logarithm, gives the 
required log. sum, or log (p + q). Table XXIII., with the argument log x, givei 

log ( 1 -H ' which, being a,dded to logp, tbeffreater logarithm, ^Tes the required 

log. sum. Either table may, in general, he employed, but one or the other may be 
found more convenient in n particular application, and therefore both are given 
Again, we hove 

to that, putting, as before, i := — , we have 

log I = log;) — log J 
log (p — g) = log p + log{l— — J 

Downes's Table SXIV., with tlie argument, log x, gives log ( 1 ) which, being 

added to the grialer logarithm, gives the required l"?. difference, or lug {p — ij). 

With these tables, then, we may readily compute any of ttie preceding formulae 
which contain two terms in the Second member, without the aid of aiiilllary angles 



= 70° 20' 20", A = 50' 10' 10" ; 



which will be thus computed : 



\Qgp — If 

The terma p and q have opposite Eigns, and although, by the formula, they are to dp 
ndded (algebraJcally), an arithmetical difference is reqnired. By marldng the signs 
of all (he quantities, as above, we shall always tnow whether a sum or difference 
is required by the flign before log x. In this case this sign being negative, we are 
to find ft difference, and therefore, by Table XXIV., we tal;e 




% (1 - i) 9- 



■82694 
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SOLUTION OF SPHERICAL OBLIQUE TRLA.NGLES, 
tlia Bamo data, find B. Ibe formula is 



;t here be put under the foiiii 



»nd is thus computed: 

log Bin e +. e-97391 

log cot & ■— 0-77029 

ar CO log siH 4 + 0-11467 



log (— 003 c) — 9-52693 
log ootd + 9-92121 

logs ~9-448Ii 
log^ — log s = log X + 0-4I078 
iug poaitiye, tlie tubles forlog. aum mustbeused. By 



Table XXIL, «c hme 


log {I + I) 0-55325 


(which is to be added to thi: leas log,) 


log; —9-44814 




log Eot B — 0-00139 


or, by Tabie SXIII., ive have 






log(l+^) 0-14252 


fwHoh ia to be added to the greater log.) 


log p — 9-85887 




log cot B ~ 0-00189 




B = 135° 6' 81" 



In these isolated esa,mplEs, the labor of computation is yei-y little less than with 
the use of an auxiliary angle, as on p. 182 ; but the Gaussian Table has greatly the 
advantage when the same fovmola is to be repeatedly computed with suooessive 
values of one of the data while the others remain constant. Thus, in the first of 
tbe precetling eiamples, if successive values of a are to be found corresponding to 
successive values of A, while b and c are constant, log 5 will be constant, and log x 
will take suooessive values, oorrespondiug to those of log cos A, so that after the 
first Talue of a ifl foand the succeeding ones are rapidly obtained. On the other hand, 
as the auiUiarj * in the formulse (123), depends upon A, the -(vhole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the ori^nal table, (to five places of 
decimals), by Gauss, published in Zach's Monatliehe Oorreapondeta, Nov. 1812; Mat- 
diiesseD's, (to seven places), Altona, 1817 ; in Vega's Samndwis mathaaaiisehfr Tui- 
feUt, (five plaoes), Leipzig, 1840 ; Zeoh, (seven places), Leipzig, 1849 ; Shortrede's 
C.-llection of Tables, (seven places), Edinburgh, 1849 ; Graj'a Tables for the Compa- 
(atton of Life Oonlingmi-Ma, (six places), London, 18i9 ; Schumacher's Sdlfstafeln. 
new ei {four places). 
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SOLUTION OP THE GEKERAL SPHERICAL TRIANGLE. 

109. Wb hnve thus far, following the usual course, considered those spherical 
triangles only whose sides and angles are less than 180°. In the applications of thi& 
subject in astronomy, however, it ia often necessary io consider triangles whose 
aides or angles eaeeed 180°. (For esample, the right 
admitting of all values from 0° to 860°, may be one 
may, It is true, in sucli cases, always substitute anotl 
supplements to 180° or 360° of those of the prop, 
although very generally regarded as the simplest, 
alluded to. The construction of figures for disooTer 
is often embarrassing and Eable to mistalte, while th. 
mostly deficient in generality, and can only be regard 
oases of a general problem. But if we proceed by 
when the ports of the triangle esceed as when they 
Testigate a problem tinder the simplest supposition o 
rely upon tlie generality of the method to oOTor all t 

110. We shall first endeavor, in an elementary mann 
ception of the nature of the general spborioal triangle. 



.0 give the student a, oi 




Let ABC, Fig. 14, beany spherical triangle whose parti 

are all less than 180° ; then the remainder or complemen' 

of the sphere is also a spherical triangle whoee sides nrp 

and e, and whose angles are 300° — A, 860° — B 

\ and 360° — C. IVe shall distinguish these triangles from 

/ each other by means of accents, writing the letters witliat 

the triangle to which ihey respectively belong, as ip 

Pig. 14. The sides are common, bat when referred to ap 

_ sides of A'B'C, they will be denoted by of, b' and f. 

s of the sides may exceed 180°, as the side o of the triangle ABO, 

In this triangle, it is evident that we mast have A > 180°, so long as Jf, 

1 c are each < 186". In tho triangle A'B'C we have ^' < 180°, whili 
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SOLUTION OF THE GENESAL SPHERICAL Tia.iXGLE, r-l.') 

Otianglu as an eacloaed surface, bat it will presently appear that such triangles are 
HolTed by the same general metliofls that apply in other oases. To form a juat finn- 
ception of the triangle in this ease, we may conceive Fig. 16 to ba obtained from 
Fig. 15 by carrying the point A along the arc CA produced until it crosses the side a 
the points A and B may then be joined either by aaaro less than 180°, aaicFig. 16, 
or by its supplement to 860°, as in Fig. 17, in pjg. \j 

which last case every side esceeds 180°. In 
fltese figures, to avoid confusion, tlie point A , 
Is 310 1 placedin its trae position according to ,; 
perspective. i 

In each figure we haye two ti-iangles, whose . 
iides are common, and whose angles are sup- . 
plemenls to 360°. It will be easy to h'aoe the - 
two triangles signified by .^fiC and A'B'C, by 
remarking that the letters in each case are all 
on the same side of the perimeter of the triangle. 

Wb may go farther, ano suppose the are joining A and .B to he a circumference 
+ the arc AB, or any number of circumferences •}- AB ; and similarly the angles 
may be Bupposed to be altogether unlimited ; but since the relative positions of any 
three poicta of the sphere must be fully determined by arcs and angles less tlion 
860°, nothing Is giJned by passing beyond this limit. 

111. All i/is fimnulte of Chapter I. ore applicable to the general spherical irianffls. 

ThU proposition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily establislied by a continuation of the process of 
Spher. Trig. Act. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than ISO'. 

It was proved in .Art. 29, that all the equations of Chap. I. may be dedviced from 
the fundamental one, 

We have then only to prove the generality of this single equation. 

1st. Let all the sides be < 180, but A' >I80°, Fig. 14. The formula being true for 
ibe triangle ji.SC, we have 

cos = cos i cos c 4- sin i sin c cos (360° — A') 
or in the triangle A'B'C, by PI. Trig. (76), 

cos a' = COS b' cos c' -f sin b' sin o' cos A' 

Ed. Let o>180°, Fig. 15, and produce a to complete the great circle. The trianglee 

ABO and A'B'C are respectively the difference and anm of a hemisphere and the 

triangle A'ik, all of whose parts are < 180°. In the triangle A'ilc we have, in terms 

of the parts of ABO, 

COB (360= — a) = cos i cos o + sin S sin c cos (860° — A) 
and in terms of the parts of A'B'G', 

botli of which reduce to (ho form (m). But it is here necessary to show that tie 
formula may also be applied to eaoii of the other angles: thus the triangle A'ik 



cos b' = cos (360° — a') cos c'-\- s 


;in (360'' — a 
dn (360° — < 


) sin « , 

1 sins'. 


?os (180° — B) 
cos(B' — 1S0°1 


both of which reduce to the form (Ji). 
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SPHERICAL THrCCSOJirTRY. 
Let ■!-> ISO', 6>I80'>, Fig. 18; these arcs intei-sect at i, ami the triangU 



\ / 



ws (a — 180°) = COS (i — 180=) 
003 (a — 180=) = 003 (i' — 180=) 

which reduce to tlie form (u) ; and 

gle D. We hare also 




0»)+ s 
-C') = 



(m) for both ABCa-ailA' B 

4th. Let a > 180°, b > 160", « > 180", Fig. : 
complete the circle, the triangle tk I gives 



-180") sin (i— 180=) cos i 
7', this also reduces to the form 




-180") = eoB[i — 180") cos (860"— c) + sin (b~ 180')siu{860" — «) cosi 
- ^) = — COS ^ = cos (A- — 180=) = — coa A', thia 
reduces to the form (m) for both ^ B C and A' S' C" ; and in the same waj the for- 
mula applies to the angle B. We have also 

003 (360° — c) = COS (a — 180") cob {h — 180") + ein (a — 180") sin {b — 180") oos t, 
and since oos i = cos ^ cos C", thia reduces to the form (m) for both ABO 
aadA'jrC". 

The cases in which the angles or sides eioeed 860" are included in the preceding, 
in oonseiiuejice of PI. 5rig. Art. 45. 

112, The preceding demonstration, thoufh tedious has the advantage of giring a, 
deSnite conception of the figures wliioh o f Im p B perhaps the 

snost satisfactory (as it is the most el t) m th d t t tl e demonstra- 
tion of oui; fundamental equations thema 1 up th p in [1 of analytical 
geometry, and, for the sake of those nho quamted w th th t bjeot, we add 

the following investigatloa : 

Anj point of the sphere may be refer 1 bj ta gul d ates to three 

planes passing through tlie centre of the ] h t ght ^1 to h other. Let 
O be the centre of the sphere, Fig. 20, nndjlBf a spliericnl triangle upon iU 
iurface. Let one of the co-ordinate planes, as X I' coincide with tlie great cir- 
iitJB, and let the axis of Tpass througli B. If CB be drnwa pevpendicular 
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SOLUnOX OF THE GENERAL SPHERICAL TRIANGLE, ilj 

XY, and CP' aiid Pi" to the axia OX, the co-ordinaius of tha 
I = OP', y = PF, z = CP 

Fig. ^L\ Tig. -JL 




If now the asis of X he made to pasa through .d, Fig. 21, without chnnging 
tho position of the plane XZ we shall hare for I'.y, z', the co-ordinates of Creferred 



The aiia of z being nnohanged, the relations between x'. y", and k, y, a 
simply by the formulas for the transformation of oo-ordinatas in a pli 
iilinaOon of the new aies to the first is here expressed by c, and tlie 
transforaiation are therefore 



= + yo. 



Bin a Bin P = sin 6 sin ^ J 

bHieh are identieal with (4), (6), and (3). 

113. HaTing eacablished the complete generality of our fundamental equations, 
we maj' now employ for the solution of the general triangle any of those deduced 
from them in Chap. T. 

4s a single trigonometric function is not sufficient to determine an unlimited 
angle or arc, (PI. Trig. Art. 63), it becomes nece8sai7 in most oasea to deduce ex- 
pressions for both the sine and cosine of the required part. 

It will be found that all the six cases of the general iHangle admit of two solutions, 
Out that ikey all iecome determinaic, when, in addition to the other data, ilie J^n of 
the sine cr losine of one of Ike required parts is given. In the practical applications in 
BstroQomy, 't mostly liiippens tl:at the conditions of the problem supply this sign. 
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ll-l. Case I. Given ft, c nud . 
gles, as B, ,111(1 the third side a 
required parts aie 



e required. Tlie relatioj 



The signs of tlie second members will be Isnowii from tlieir oomputed numerioal 
values ; tlie sigu of cos a is therefore l;uown. If the sign of siu a is also 
given, tlie quadi'ont in whieli a must be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine of B, and therefore the 
quadrant ia whicb Ji is to be talien. 

In like manner, if the sign of either cos S or sin B is given, that of sin a becomes 
known, and the problem is determinate. If no conditions h d h 

quired parts, there must be two solntions. 

The numerical solution will be conducted aa follows ; Th h nd 

mombera (or simply tlieir logarithms) are to be separate mp te d h iT 

signs carefully noted ; then the quotient of the 3d hy th ( h d ff n e 

of their logs,) will give tan IS, and hence B, which will be h d nt 

indicated by the signs of the sine and oosine. Then th b n -B 

or the 2d by cos B, will give sin a, which, agreeing w h m h 

let equation, will serve to verify the correctness of the who p 

This solution may be adapted for logarithms by the meth m y d n h p 
ceding eliapter. 

1st. Let a and '!• be determined by the equations 

t sin # = sin i cos ^ I 



sin a cos 5 = t sin (.-^) 
sin a sin 1S = sin b sin A 

■M. Eliminating k, and taking ,} < 180°, (PI. Trig. Alt. 174). 

tan .; = tan b cos A {,p < 180°) 

sin a sin B = sin 4 sin ^ 



3d ff ill quadrant in which a is to be taken is y 
equations tae following form : 



e may give the preceding 



n i cos ^ (f. < 180") 

n(.-*) 
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4th. If both n and b are leas than 180°, as not u&friiMiuentlj happens in the appli- 
cations of this problem, let 



Uirami- 


ndn 


are both positiT 


numbera {h being poalti^ 


e)an 


1 (107) 








m 


n J = COS ^ 












mc 


OS * = EOt b 












ns 


n J) = Ein f tan A 












no 


g £ = sin {e — *) 

ot o = cot (c — f) L 


osB 




Check 


W 


iind 


















Sinn cos it ta 
"~ aia b ■sosA~ ta 


a A 
all 





besides wluoh ire may employ, in conneotioa with (200), the equation sin a aiu J 
= sin 6 ain .4 ; or in connection witli (197) or (1B8) the equation tan a cos £ = 
tan (b — V')' Or when (J97) and (198) are employed, we may find a both by it 



115. The angle C may be found in the same manner aa 
b and e. in the preceding formulte. But when B and Cf 
cond Solution to be given pi'esentlj ia preferable. 



J, interchan^ng B and C, 
■0 boUi required, the Se- 



ExA51Fr.E. 

Given ^ = 261" \(i- b = 4.5" M; c= 138=32', and h< 180"; to find a and B. 

"We shall first employ (197). The first Column of the following computation, eon 
tJiining tlie symbols espresaing the operations to be performeii, should be prepared 
before opening the tables : 





A 
b 


aei'iB' 

45° 54' 
laS" S2r 


log 


in A 


— 9 -8949352 


log 


oaA 


— 9-1818744 


log 


in i 


-1- 9-8562008 


ai = log-!: 


os# 


+ 9-8426548 


A = log* 


in J. 


— 9-0375752 


log 




— 9-1950204 


log 


OS t 


4- 9-9947886 




ogA 


4- 9-8478212 
351° 5'42"-6 


*c 


— f 


147» 26' 17"-4 



J (* > c, -we take c = 188= 32' + 300°, so that c — « may be a poaitiTe angle ^ 
would be equally convenient to take e — * = — - 212° 38' 42"-B 
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220 SPHERICAL TRIGONOMETRY. 

log sin (c — *) 4- 9'73005I4 

log coa (c — ^) — 9-9257303 

iosjico3(c — J.) = logc03 —9-7735515 

a 126° 25' 6"'G 

(!) log Ein i sin ^ = log Bin a sin S —9-8511300 

log 4 sin (c — ^) = log sin « eoa 5 + 9'578772S 

log tan S — 0'2723634 

B 298'>6'26"'8 

lo? sin a -If- 9-9056351 

log sin B — 9-9455009 

(1) Check, log sin c sin Ji — 3-8511SS0 

If a were not limited, ire siiauld have tno solutions, tlie second boing 

a = 233° 34' 53"4, B = 118° 6' 26"-8. 

We Bliall nest give the computation by (200), wliicli is applioable to this esample, 
aiaee bott □ and i are less tbiin 180°. 

A 201° IS' 



log cos A = log m sin 4, — 9-1813744 
log cot b = log IB coa * + 9-9863540 
log tan ^ -9-1950204 
* 35P 6'42"-6 
— ^ 147=26'17"-4 
log tan ^ 4. 0-8:85608 
log sin ^ — 9-1897534 
log tan ^ sin * = log n sin Ji —0-0033142 
log sin (c — ^) = log n cos a +9-7309514 
log tan JJ — 0-2723628 
B 298° 6' 26"-9 
log cos 5 +9-G731379 
log cot (c — ^) — 0-1947789 
log 003 B cot (c — *) = log oot a — 9-8679168 
a 126= 25' 6"-7 
116. Cask I. Given b, c and A. Second Solution; when the two angles B and v. 
or when all tliD remaining parts are required. We have, by Gauss's Equations (44) 
„. J « .in ! (J! + 1^ = ""■!(' - •) =•• ! ^ 
00. J . 00. ! (i! + 0) - •»■ i (» + 0) «« S -1 
»n 1.. In !(*-")-<»!('-<> 00. J^ 
.In i « 00. } (-8 - 0) _ m j (' + 0) <ln M 
From the first two we deduce J (J -f" C) and cos J a, and from the second t 
J (B — C) and sin J j, -whenoe £, C and a. The problem becomes determinate, 
before; that is, whei. a is limited bj one of the conditions 

a < 180°, or G > 180° 
for then the signs of both cos ^ a and sin J a will be knoivn.* 



(20::, 



■* Bj Art. 27, Gauss's Eqaations may also be taken 111111 the negative sign 
the triangle is unlimited, as in the group (4&), but the Eame final results ai 
tained from either (44) or (45). See note at the end of this chapter, p. 227 : 
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49= 19' 
92= 18' 
130=38' 






l„gd 
log. 
log/ 
logi/ 


= logeoai(i^.) 
= logdni{i-.) 
= \os cos I- (b + c) 
= log sin Hi + ^) 

log 003 ^ A 

log sin J J 


+ 9-8892719 

— 8-58746M 
+ 9-9S967i9 

— 9-8137250 
+ 9-8801803 


logd, 
log/> 


.osM 


_ log 00 
_ log 0. 


log tan i (-S + C) 
log sin J {5 + C) 

log 003 J « 


— 9 -5529969 

— 8'467649r 
-!- 1-1853472 

266= 15' 58" -0 

— 9-99S077I 
+ 9-6539198 

63<=12'33"-S 


log. 
log* 


.0.M 
■IniX 


= log in 
_ log .1 


nJfloosH-B-C) 
kgtanHS-'?) 


+ 9-6729643 
4- 9-8798552 
-i- 9-7931091 
31° 50' 28"-7 




reriMi 


-{ 


log sin HS - (7) 
log sin J ,. 


+ 9-7222788 
+ 9 9506855 
G3» 12' 33"-8 

298'^ 6'26"-7 
234= 25' 29"-3 
12G=25' 6"-6 



, wB may find it by one of tlie metliods of Arta. 76 axd 
t is given, tlie Eolution is determinate. If the eign of 
e find that of sin a by inspecting tie equation 



lis. Case n. Qiven A, and b. First Solution; when the third angle B, and 
mie of the remaining aides (aa a) ara required. 
The guncrn,! relations between the ^ven and required parts are 



la^ + sin Csln^ coa i \ 

•sA + cos C Bin A coa b V (20:), 



which are solved in the same manner as (196). The problem is determinate n 
the sign of either sin B, cos a, or ain a is given. 
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Adapting ('20a for logiirithraa, we find 

*ft sin 3 = cos J (k positive) 1 

A cos J = sin ^ cos fi 
ca3B=/csin (C — i) I 

BiaBoo3a=:ifcooa(C — S) 

2d. 

oot 3 = tan 4 C09 6 (3 < 180°) ■* 

Sd. TTften ^A '■ quadrant in which B is to be taken is given .■ 

cot & = tan ^ cos i (S < 180°) ~1 

Un^cosa = oot((7-3) I 

4tli. When A and B are both less than 180', let 

k__ sing 

then J) and q are positive numbers, and we liave from (204), 



cotfi=; tan (C — 3)c. 
Checks. We have 

cos(g-s) _ si n .B cos » ^ 



n((7-s) _eos^ 



( 



« The same factor J is used here and in (197), although the auxiliaries ^ and 3 are 
different. To show that k has the same value in (197) and (204), let the squares o( 

be added ; we find 

and in the same manner, from the eqiiationa 

we find 

A» = 1 — sin' h sin' A 

4nd ther( fore, in both eases, i = v^ (1 ■— sin" 4 sin' A) 
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besides whleli we may employ, with (207), tlie oqnntion ain. 5 sin a ^ sin ^ sin 6: 
or with (204) and (205), tliB equation tan S cos o = cot (C~ 3). Also, wheo 
(20i) or (205) is employed; we may find B both by ita sine end its cosine. 

These formnlro are computed in the aiime manner as tliose of preceding case. 

119. Case II. Given A, and b. Second SoUuion ; when the two sides, a and i^ 
or all the reniiiining parts, are required. We employ Gauss's Equations in tie fol- 

■in } J! .in i (. + .) = 00. j (A - C] A i i 
«n i iJ oo. .! (. + 0) = 00, i (A + O) oo. J i 
00. j B.in J("-«) = ■'■■ i{A — C) .in J i 
oo,l/;oo.K.-o) = ,inJ (/1+ 0)oo.JJ 

Bhion ore solved in Uie same monnor a. (M2). 



H,™ A = i:i|oin; vr-e. 6'= 42^ 


= 10' 13"-7, i — 40° 


'10", and B> ISO". 


By (203). 


5 

i(A~C] 
HA+C) 


40° 0'10"-0 
12I''S0'19"'8 
42°15']3"'7 
30°4O'33"'O 
?l°55'4G"-7 
20° 0' 5"'0 


log J. 
log. . 
log/ = 
logj . 


- log .0. HA-C) 
= log 3ln i{A^C) 

- log miiA+C) 
= log .In i (--1 + 0) 

log .in J i 
logo..ii 


iiiiii 


logrfsinJA = log 
log/oofi^i = log 


.In J i! .in ((■■+") 

m ) B 00, i (. + .) 

logtanJC+o) 


+ 9-4203844 
+ 9-1203140 
+ 0-8000698 




H" + ') 


eB^as'S-'S 




log.inJC+0) 
log sin i B 


+ 9-9S13G29 
-1- 9-4C90318 




iB 


Hi2°52'28"-6 


Mog [— . sin J i) = log (- 
•log(-,oosi4)=los(-o 


0. i B) .In }(■-•) 

:o. i £) 00. 1 (■ - <) 

Jog Ian }(«-•) 


-- 9-8392030 
— 9-90SG595 
+ 0-3705435 
193°12'32"-9 




tJ», \ , = 


:25G''35'86"-2 




230°IO'30"-1 




{b = 


325° 44' 57" -2 


' Tile sign of eaon ol' these factor. 


is ohangetl beoan.e iJ > 180=, and co. J £ ia 


t It waa neoessai-y to inorea.e J (a 
Ing value of 6 would be 016" 35' 30' -3. 


+ s) by 800°, to obtain o. The oorreapond- 
Sao note at the end of tliis ohaptor, p. 227- 
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120. "When B on!y is required, we may employ the methods of Arts. Rl and 85, 
which are determiniito wlien the sign of sin B is given ; or when that of either sin a 
or sin c ia given, since we may then find that of sin B by inspecting the equations 

121. Case III. Giyen a, b and J. First Solution; when the three remaining parts 
£, 0, and c are all required. 

We find Jl by the equation 

■InJ--'^-"^ (210) 

iviiich ia (iet«rminate wiien the sign of ooa B is given. 
Then, to find C, we liave 

— eos C COS ^ + sin C ain^ cos i = cos S 

which have already been employed and adapted for logarithms in Art. 118, If we 
denote the auxiliary by 3, and pnt C — 3 = S', we find, ftom (204), 
ft Mn 3 = COS A (k positiye) 



To lind c, we haye 

which have already been employed and adapted for logarithms in Art. 113. If w 
denote tlie aiiiiliary by ji, and put o — * r= *', we find, from (197), 

i sin (f = sin b cos A (!i: positive) 



Cheeks. We have 



' The following relations deserve a passing n. 



I'if = sin" 4 sin' j1 
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126= 2S' 6"- 


6, i = ] 


.38° 32' 


0', ^ = 26riQ' 

log ^a a 
log sin J 
log sin ^ 
logsinS 

log cos i 


0", and COB .Bn 

12G'25' 6"-6 
138=32' 0".O 
261° 16' 0"-0 
+ 9.9056351 
+ S-8209788 

— 9-9M9362 

— 9-9102789 
284''26'29"-8 

— 9-8746795 




%( 


sin A c< 


33i=log/;:C09S 


+ 9 -8698147 






logcc 


>9^ = logi sins 
log tan 3 

log COS a 


— 9-1813744 

— 9-3117597 
348" 24' 58" -0 

— 9-7783515 




logs: 


in^eo 


9 a = log ft 003 y 


+ 9-6838304 






log CO. 


5 iJ = log ft sin 3' 
log tan .V 

3 + 3' = C 


— 9-7647620 

— 0-0800216 
309°41'3S"-7 
298" 6'26"-7 




kgi 


,m b 00 


a^ = log48in* 


— 9-0023532 






Jogc. 


)S i = log ft COS f 

log tan J 


— 9-8746795 
+ 9-1276737 
187°38'81"-8 




logi 


iillKOO 


a JJ = log ft sic ^' 


— 9-6703871 






log«, 


,3 a = log ft COB *■ 

log tan ^' 

*■ 

+ ^' = c 

log sin 

log sin c 


— 9-7785616 
+ 9-89G8866 
218' 15' 28" -6 

45° 53' 59" -9 

~ 9-9465010 
+ 9-8562006 

— 0-0893004 






Ckeck. los(i^) 


— 0-0893001 



In tliis example, Tioth 3 + 3' and * + *' exceed 360°, and consequently we have to 
aeduet 360° from each of tliem. We might have avoided tliis, however, by taMng 
3' = — 50° 18' 26"-8, gt' = — 141= 44' 31"-4, 

122, CasbIII. Given a, 6 and ^, Sscond Solution ; -when C and c are retiuii^d 
without finding S. 

"We liave only to eliminate i( fl-om the fourth equation of (211) by -means of (210;, 
and tJien (omitting tbe tliird equation) detevmiue 3' by its cosine, observing, however 
to take it BO that sin 3' eliall have tie sign of cos B, which sign is supposed to be 
pven. The formulee for finding C thus become 
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226 SPHERICAL TRIOONOMETRY. 




t Bin a = cos ^ 


(k positiye) 


1 


(a'<180=' with the sign of 
C=3 + 3' 


cosiJ) 


■ P16) 


To find e, we oljeerTe that sin f' has the eign of si 
foUoiring formulse : 

S sin * = sin i COB A 


n a cos B, so that > 
(4 positive) 


ve have the 


'Z~-^ 




. (210) 


(f' < 180° with the sign of sin c 


, cos B) 




Check. The equation (214). 




^ 


128. Case IV. GiTen A, B and h. FirslSolalion; 


when the three remi 


iining parts 



a, e and C are all required. 
We End a by the equation 

"" " = ^^isi" '^^^^ 

irhioh is determinate when the sign of cos a is given. The remaindei' of the solution 
is by (211) and (212). 

124. Case IV, Given A, B and h. Second Solution,- when e and C are required, 
without finding a. 
We easily find, from (211), 

i an a = DOS ^ (4 positive) "1 





cos^ 






(0. 


Ds 9' and sin B cos a to have the 


sa 


me sign) 


from (212). 


C=3 + 3' 
* ein ^ = Bin i cos A 




(i posit 




sin (1' ^ sin ift tan A cot 


S 






(cos f and cos a to have the sa 


,mi 


: sign) 



« = * + ^' 

CTscl. The equation (214) 

125. Case V. Given a, b and c. The formula 

determines A when the sign of sin A is linown. If the sign of si 
gi ISO, that of ein A becomes known by the equation 
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SOLUTION OF THE GENERAL SPHERICAL TRIAKiJLE. 22 

The formuiie (31), (33), (34), may be used, each of ttliicli will become detei'm 
aate nheii the sign of either sin A, sin B, or sin C is luioirn. 
126. Case VI. Givea A, B and G. The formula 



ermines a when die sign of ain a is giyen. If the s 
en, tliat of sin. a liecomes imown by the equation 



I, each of nhiiih niil be determinate 



Note upon Gadss's Equatioss. 

In the unlimitecl spherical triangle, we may consider any part, as a, to hayo an 
infinite number of Talues, viz. a, a + 860°, a -\- 720°, &o„ eipresaed generally b» 
the formula a -)- 2 » w, b being any whole number or zero ; and since 

all those equations of Chap. I. that involve only sin a and cos a will not he changed 
by the substitution of a -f- 2 n w for o. A similar Bubstitution may be made for 
each of tie parts, or for all of tliem, at tlie same time, so that there is an infinite 
aeries of triaagles to wliich these equations are applicable. 

But the BubstitutioQ of a + 360° for a, in Gauas'a Equations, (202), will ehanga 
the sign of all of them, since 

sin J [a + 360») = - sin J a cos ^ (a + 360=) = - cos i » 

while the substitution of a + 720° for a will net change their sign, since 

sin I (a + 720°) = sin J a cos H'' + ^20°) = cos J a 

In general, their sign is changed by the substitution of o + (4 n + 2) b- for a, and 
it is not changed by the substitution of a + ^ " ''■ "^^^ same results follow like 
substitutions for each of the parts. It follows that these equations talien only with 
the po^tive sign, do not include all tLe triangles of the inliaite series above spoken 
ef, and that they are complete only when taken witik the double sign, and expressed 
in two distinct groups, as (14) and (45) of Art. 27. 

Tn practice, hotnever, ice may take them with ihs positive sign only; for they will then 
(pve at least one of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 860°), may be directly deduced by the appli- 
cation of 860".* 
This will be illustrated by the example of Art. 119, p. 223 ; we there find 
J (a + c) = 63' 23' 3"-3 
J (a — e) = 193° 12' 32"-9 
or rather, since J (a + o) should be greater tlian \ [a — e), 
i (a 4- .) = 423' 23' 3"-8 
J (a — c) = 193° 12' 32"-9 

* Gauss {Theotia Motna Corp. Ccsl. Art. 54) reooniinends the use of the positiTe 
sign only, observing that any side or angle may be diminiahed or increased by 300°, 
BS the case may require, but confines himself to the statement of this practical pre- 
cept, without explaining the grounds upon which it rests. 
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228 SPHERICAL TRIGONOMETRY. 

a = bl6° 3o'36"'3 
c = 230" 10' 30"'4 
which is the proper solution of the equatJooa taken with the positiTS Bign. If now 
wc deduct 360° from o, and take, as on p. 228, 

a = 256" 35' 3e"-6 
c = 230= 10" 30"'4 
wo have the solution tnat would have been obtained by taking the negative sign in 
all the equations ; for ive now bave 

i(a+ c) = 243= 23' 3" -3 
i{a — c)= 13''ia'32">9 
whiob, differing from the former values by 180°, must change the sign of all the 
equations. 

I have given some further particulars respecting unlimited spherical triangles, 
and a fuller iliscussion of Gauss'a Equations, in an essay which tbo reader will find 
in the AstrouomicalJoumal, Vol. I., published at Cambridge, Mass. 
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AREA OP A SPEIERICAL TRIANGLE 



AEEA OF A SPHERICAL TEIANQLE. 

121. G-iven the three angles of a spherical triangle, to eomput* 
the area. 

Thia problem is solved in geometry, where it is proved that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the tri-reotangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r = radius of the sphere 
T = surface of the tri-rectangular triangle 
= ^ surface of a sphere = ^ tt r^ 
2S==A + B+ 
K = area of the triangle ABO. 

Also, let the angles A, B and C be expressed in the unit of Art. 11, 
that is, let A, B, denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

unit is -^, therefore the number of right angles m2 S is 

and we have, according to the above theorem of geometry, 

■ £:= T x(~ - 2'\ = -~{2 S - n) 

or K = r^{2S-->F) (222) 

and if the radius of the sphere is taken = 1 

K=2S~-r :223) 

128. In a plane triangle the sum of the angles is equal to t, 
and in a spherical triangle the sum exceeds -w by K\ hence this 
quantity, K, is commonly called the spheriaal excess. 
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1215 Gium lit ilirif Hides, to find tU ( 
By (223), we have 






tan J ff = — oot S 

in wliieli we havo only to substitute the T.tlues of cob S, sin S, and oot S', given in 
Art- 34, to obtain the required solution. We find, [j ^:= J (o -j- ft -J- e)], 

,226) 



_ •[.m..m( .-.).m( .-i),m(.- .)] 






- 200.!. .0,1(00.1. 

of (225) being denoted by n, wo find, 



|226) 



(227) 



trhich is known as De Gait's formula. 
Again, ft-om the formulcB of Art. 85, since 1 — bIti S = 3 sin \K, 1 + sin S = 



siniff=v[- 



■■'"*■»»»(—") 


.in}(s-6)9^ 


in i (.-<)■ 


00.1. 


eo.iJee.i. 
eo.l(,~i)e, 


,.!{.-.)■ 



tani£ = ^[tanj!tanj(s-.!)tanj[s-i)tanj(j-,-)] 

the last of which is known ns LhuilUer'a formula. 

130. Git en two sidti and the included angle, [or a, b and 0) tofindthe ni 
We hate, from (224), by (71), 

ootiacotJi + ooBC 



tan ^ataa^b sin C 
'^i^'=r+tani«taui*C0BC7 
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181. if we admit more than three parts of the triangle into the ejpress'ion of S, 
we baye bj {56) and (67), 





»«*•"«}',,,£, 




,„}...,iS+,in!. 




«o.J. 



the quotient of which gives (229). 

132, Since there are always two triangles upon the surface of the sphere which 
have the same three sides, (Art. 110), the angles not being limited to values less than 
ISO", the formulre (226), (226), (227) should give the areas of both of tliem, and 
their sum should he equal to the surface of the sphara ^ 4 »•. In fact, by (225), 
Bin J K may be either positire or nogatiye, while by (326) the cosine is fully deter- 
mined, BO that these formulco gire two Talues of J ff whose sum is 2 w, and therefore 
two Talues of K, whose sum is 4 w. 

It lollows that (225) alone is not sufficiently determinate when the triangle is un- 
Ilmitfid, since it gives four solutiooB. The most conyenient formula ia therefore 
(228), for we must always have \ K<!t, and the double sign of the radical give* 

the two values of J- £, one less and the other greater thaD — . 
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SPHERICAL TRIGONOMETEY. 



CHAPTER VI. 

I>IFFEBENCES AND DIIFERESTIALS OP SPHERICAL TRIANGLES. 

133. Two parts of a spherical triangle being constant, and a tliiril 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
{PL Trig. Chap. XII.), this will be effected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite- differences, an 
give them the positive sign, (Pi. Trig. Art. 187). 

134. Case I. A and c constant. The parts of ^'^-^p, 
ABO, Fig. 22, being A, c, B, 0, a, b, those of the 
derived triangle ABC are A,c,B^- aB, 0+ aO, 
a + Aa, b + aS; and the parts of the differential ^/ 
triangle BOO' are a, a -f Aa, Ab, 180° - 0, + aO 
and aB. We hive, then, in BOO', by (3), 

sin Ab _ sin {a + Aa) _ 



lA-B sinC ain(6'+A6') 

Also, in BOO', by (40), we have 

sin ^(180 °- O+O-hAO) _ tan | a5 __ 

sin j (180° - 0- - aO)~ t3.T\^{a + Aa- a) 
dience 

tan I Aa _ cos(g+ ^ aO) 
tan I Ab cos| aC 

iiy (41) we find in a similar manner, 

tan J Ab tan (a + ^ Aa) 

sin J aC sin (C'+~^"aO'J 



(231) 



(232) 



(233) 



By ;!»2). 



sill J Aa _ ein {« + J Aa) 
Unl&B ~ iini (7+ J A'?) 
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By (43). 

f-'nj^O ^ __ cos (a + I Aa) ,235, 

tan ^ AS CO* A -la 

By combining (232) and (233), 

tan ^ A a _ _ tan {a + ^ Aa) f2361 

tan J Aff ~ Fan ((7+t"A^) 

As these formula involve the increments in the second members, 
they are to be computed by successive approximations. (See 
PI. Trig. Art. 201). 

135. Case II. A and a constant. The given ^'^- "■ ,, 

triangle being ABO, Fig. 23, the parts of the 
derived triangle A' BO are A, a, B + A B, b + A6, 
C+ aC, c + Ac. Although the fig^ire appears to ' 
show that the anglo B is diminished, it is still proper -* 
to represent the angle A' B hy B + aB, to preservo uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of differences themselves. Hence we put 
the angle AB A' = ABQ ~ A' B = B ~ {B + aB) = -aB. 
Joining A A' we have iuBAA' and QA A', by (43), 

cos {e + l Ac) : cos J Ac = - cot I aB ; tan ^ {A' AS + A A'B) 
cos {h + i Ah) : cos \Ab= cot i aO : tan } [A' A 0+A A'O) 

but since A is constant, m B AO = B A'O, ■we find that the fourth 
terms of these proportions are equal ; whence 



tan ^ A-B __ cos (5 + 1 Ab) cos j Aa 
tan I aO cos (e + J Ae) cos J Ai 



(237) 



In the polar triangle of AB 0, the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 

tan ^ Ah cos (- B + ^ A-g ) cos ^ Ag 

tan > AC cos ((7+^ AC) cos ^a£ ^'^^°> 

In A B a.ad A B vfG have 

sin J s'm B = sin A sin b 
sin a sin IB f A-B) = sin A sin (5 -t- A?i 
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the difference and sum of which give 

ain a cos (5 + J A-B) sin J aB = sin A cob (5 + J a5) sin | Ai 
mn a sm (5 + J aB) cos ^ aS = sin ^ sin (J + J a6) cos ^ a5 

from which, by division, we find 

tan 1 a6 _ tan (S + ^ AE) 
tan ^ AB "" tan(B+|AB) 
and in the same manner 



(239! 



tan J Ac _ tan {c + ^ Ac) 
t^nTAi? ~ tan (C+ | AC) 



(240) 



The product of (237) and (239) g 



sip i A6 ^ _ sin (5 + | A^) cos ^ Ac 
tan J AC cos {e + i Ac) tan (if + ^ A-B) ^ ^ 



sin j- Ae ^ _ sin (c + ^ Ac) cos ^ a5 
tan^AB ~ cos(S + ^ A6)tan(C+^AC) 



(242) 



"^■=*- (, 136. Case III. 6 and c constant. The given 

Np, triangle being ABO, Fig. 24, the parts of the 

derived triangle ABO' are b, c, a + Aa, B + A-S, 

C+aC,A-\-aA. Joining C C we have in £ C 0', 

V (42), 

sin (a + i Aa) : sin J Aa = cot ^ aB : tan J (B CC - B CO) 
Eat observing that AC = A0, A OC = A Q'O, we have 
BOC = AOO' - 
BO'C =ACO+ 0+ AC 
J (B CC" - B CC) = - (C + ^ AC) 
and the above proportion gives, therefore, 

sip i ^^ ^ _ sin (ffl + I Aa) 

taniAB cot(C+iAC) ^ ' 



* The equations (239), (240), (241), and (242), contain each two factors less thia 
the coireapoudrng equations given b; CagnoU. 
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DIFFERENCES OF SPHERICAL TEIASGLES. 
In the same manner we should find 



sin ^ Aa _ sin {a + ^ Aa) ^^U^ 

tan iAO ^ cot (B + ^aB) ^ 



The quotient of (243) and (244) gives 

t_an_|_AS ^ tan jB + j AB) 
tan ^ aO ^ tan (0 + I aO) 

In ABC undAB 0', by (4), we have 

cos a — COS b cos c + sin 5 sin : cos A 

cos (a + Aa) = cos 5 cos c + sin b sin e cos [A ■+ aA) 

the difference of which gives 

sin ^ Aa _ sin b sin it sin (J. + J aJ.) 
sin J aA Bin {a + ^ Aa) 

The quotient of (243) divided by (246) gives 



(245) 



(246) 



sill i AA 


= - 


sin-(a + l 


A«)taQ(C+|A(7) 


tan ^ Ai? 


sin S sin 


c sin (^ -f ^ A^) 


(244) and 


(246), 


in the same manner, 


Bin J Al 


E 


:in' (a + i 


Affl) tan {B -hi AB) 


tao J A(7 


sin 6 sin 


c^niA + ^AA) 



(24V) 



(248) 



187. Case TV. B and constant. The equations of the pr&. 
ceding case (243 to 248), applied to the polar triangle, give 



sin ^ aA _ sin (A -\- ^ aA) 
tan ^ Ab eot (c + ^ Ac) 

sin I aA _ sin [A + ^ aA) 
tan I Ac cot (i + i Ab) 

tan ^ AS tan (i + | A5) 
tan ^ Ac tan (c + J Ac) 

Bin ^ aA sin -B sin (? sin (a + j Aa) 

Bin i Aa ™ sin fA + ^ iA) 



(260) 
(251) 
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sin J Aa _ sin^ ( J. + ^ AjI) tan (o + ^ Ac) 
tan J a5 sin £ sin sin (a + J Aa) 

sin ^ Aa Bin' (-A + j A^ ) tan ( b + I Ah) 
tan J Ac sin 5 sin sin (« + ^ Aa) 

Finite Difpekences oe Spherical Right Triangles. 



(253) 
(254) 



138. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases tliey 
assume simpler forms. Thus in Case I,, if the variable 0= 90° 
(231) and (232) become 

sin aJ = sin (a + Aa) sin aB 

tan ^ Aa = — tan i aS tan A ^nO 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler foim=(, but they may be trans- 
formed so as to involve the same variables in both members, which ia 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it ■vnll be un- 
necessary to repeat it in every case. A smgle example will suffice 
to explain it. 

Let (= 00°) and b be the conatants : to find the relation of Ao 
and A B, we have between the two variables and the constant b, the 
equations 

sin 5 = sin b cosecc 

sin (B + A-B) = sin h cosec (o + Ac) 

the difference and sum of which, by PI. Trig. (105), (106), (131), 
and (132), are 

« - Ti . -, in . , i> 2 sin 5 COS (c + * Ai!) sin i Aff 

2cos(B + ^AB)smiA£=- \ 2 i s 



!i{B + ^aB)cos^aB = 



sin csin(e + Ac) 

n J sin (c + ^ Ac) cos J Ao 
sin c sin (e + Aa) 



• Cagiioli giTps these equations reduced so as to involve tlie same vnnablea 
Doth members ; tut in almost every instance iiis formulje involve two factors tn 
ILau ni'o necessary, and are far less simple and convenient than those liere given 
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and tlie quotient of these is 

tan ^ aB tan ^ A<: 

tan(B + |A-B) ~ ~ 



h^A«} 



which giyea the first equation of the following article. This process 
aJwajs eliminates the constant, and is applicable in every case. 

When the equation to be differenced involves cosines, we employ 
PI. Trig. (107) and (108); if tangents, (115) and (116); if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 

140. Case 1.0= 90° and b constant. 



taniA 


tan( a +iA a ) 
tan(£+^A-B) 


tan-^-A c 
tan^Aa 


cot(c+iAc) 


(255) 


tan^A-B 


' cot(a+iAa) 


sin A a 
sin A J. ~ 


sin(2«+A«) 
Sin(2^+A^) 


taniAffl 
liiiAB ~ " 


tan(a+iAai) 
8in(2B+AB) 


(256) 


smAo 
taniA^ 


sin(2c+A0 
cot(A+^AA) 


tanjA^ 
tanjAB 


tan(^ +iA^) 
cot (B+^aB) 


(257) 


141. Gas 


B II. C = 90° s 


md a constant. 






sinA^ 
sinAB 


Bm(2A-i-AA) 
sin(2i?+AB) 


taniAoi 
tan JA b ~~ 


C0t(ffl+1A«) 

cot(6+iA6) 


(258) 


tan|Aa 
tan|AA ~ 


tan(a+iA«) 
tiin{A+^AA) 


taniA h 
tan^AB 


tan(5+iA6) 
tan(B+|AB) 


(259) 


sin A a 
^^n^AB ~ 


cot(B+^AB) 


sin A 6 
tan^AJ." 


sin(2 6+A6) 
Cot(J.+^A/l) 


(260) 


142. Case III. 0= 90° 


and A constant. 






tanjAc 
tan|Aa "~ 


tan(e+|Ac) 
tan(«+|A«) 


tanjAS ~ 


sm(2«+A«) 
tan(S+|A5) 


(261) 


tan|A c 
sinA-B " 


C0t(C+}A(!) 

sin(2B+Afi) 


tan^AS 
tan^AB ~~ 


cot{b+iAh) 
cot{B+iAB) 


(262) 


sinAe 
sinAT" 


sin(2e+Ac) 
Bin(26+Ai) 


tan JA a 
knjAB 


cot{a+lAa) 
tan(B+jAB) 


(263) 



143. If a constant side is 90°, the equations of finite differences 
for the triangle may be obtained hy applying the preceding eq-iations 
to the polar triangle 
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DlFFBRBNTIAL VARIATIONS OP SpHERIOAL ObLIQUB TrIANGLES. 

144. To obtain the difforential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PI. Trig. Art. 192. Or we may difi'er- 
entiate the equations of spherical triangles directly, employing the 
difi'erentials of the trigonometric functions given in PI. Trig. Art. 192 
For example, A and s being constant, to find the relation ai da 
and dB, we have 

sin -4 sin c = sin a sin C 
the differential of which is 

= 8ina<?sinC4-sinC<;sina 
= sin a cos CdO -\- cos a sin Oda 
da _ tan a 
dO tan 

dnd to find the rektion oi da and d b, we have 

cos a = cos S cos c + sin ?» siu e cos A 
— s'm ada = ~- sin J cos c (^ i + cos 6 sin c cos Adb 
da sin 5 cos e — cos b sin o cos A 



db 



or by (7), 



results which agree with those found from (236) and (2S2), by making 
ia, Ab and aC infinitely small. By either method then, the fol- 
lowing equations may he readily verified. 



345. Case I. A and e constant. 
d a _ tan a 
'dO tan 



dh _ 

dj^_ 
dO~ 
dO 
dB'" 



tan a 
sin Q 



(264) 
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146. Case II. A and a constant. 

dB eos 5 d b cos-B 



d cos c d c cos Q 



(267) 



d h _ tan h '^ " __ tanc j'9fiQ\ 

d h sm b d c sin a 

d 0~ cos c tan S dB~ cos 6 tan C \"' 

147. Case III. h and e constant. 

^"o = — sin a tan C --rj, = — sin a tan B (270) 

dB is-aB da . -, . ^ „„,, 

S0= tSwj <0:- ™»»"C (271) 

dA _ sin A <^ -^ _ sin j4 

dB^~ sT^S"corS' J7? ~ ~ si^C-c^sTB t"'^' 

148. Case IV. B and C constant. 

v"i = sin J. tan e -j— - = sin A tan 6 (273) 

(^ S tan (i <? -4. . „ . 

^ ;: J— = s n .B sin fl (274) 

(? e tan c da < ' > 

d a sin a d_a _ si n a 

d h^ sin 6 cos c ^ c ~ sin c cos J ^ ' 

Differential Variations of Spherical Rkjht Trianqles. 

The preceding may also be used for right triangles ; but it 
may be desirable to have the same variables in both members, as id 
the following formulas derived from those of Arts. 140, 141, and 
142: 



(. Case I. 


= 90° and h constant. 




d 


tan c 


d e eot c 
d a ~ cot 1^ 


(2761 


d a 
d'A- 


sin 2^ 


da 2 tan a 
dB~ am2B 


(277) 


d c 
dA~ 


sin 2 c 
2cot^ 


dA tan ^ 
d B cot B 


(2781 
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150. 


Case II. 


- 90» « 


nd e constant. 






dA 


Bin 2^ 


da 


cot a 




IB- 


Binaif 


~db ~~ 


"cot b 




da 


tan a 


d b 


tan b 




dA- 


tan A 


di' = 


t&nB 




da 


sin 2 a 


d h 


sin 2 5 




TB-' 


2cot £ 


dA ~ 


2 cot J. 


ISl. 


Cjsi in. 


C = 90° and A constant. 






d a 


tan 


da 


sin 2 a 




i'i " 


tanffi 


db ~ 


2 tan b 




d 


2 cote 


d h 


cot 5 




n = 


ein 2 5 


dB"^ 


cot-B 




d c 


Sin2e 


d a 


cot a 




db ~ 


sin 2& 


dB-^ 


UnB 



(279) 
;280) 

(282) 
(283) 

(284) 

152. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
seconds, since all the parts of a spherical triangle are expressed 
in the same unit. 



DnrmxHTiAL Vabiations o 



I. Let the equation 



le diffei entiated, all tlie ports being YariiiMo; we fi' 

Hviding bj sin a, tliis become.'!, by (7) and (8), 

rfa = oosC(i6+ cosBdc+ain 

nd in ihe same manner from the 2d and 8d oquatio: 
db = aos A d c -\- co% d a + ein 
dc =BOBBd + Adb + nii 
Bay U f the si 



caA)db 

:9A)dc 



5 sin CdA 
i of (4) -we fir 
; Bin AdB 
aBmBdG 



From these three equation 
dS, dC. being given, Uie oth 
elimination. 

If any one of the parts bo 
and these equations will asa 
constant, we can easily ded'jt 



: differentials da, db, dc, dA, 



a ybe determined by the usual pi 

t I, its difi'erenlial will become zero, 
f m . If two of the parts be supposed 
q U of Arta. 146, 14G, 147 and 148. 



y Google 
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CHAPTER VII. 

APPROXIMATE SOLUTION OF SPHERICAL TRIANGLES IN CERTAIN 



164. 'Wbew some of tlie parts of the Wangle are small, or ncarlj 90°, or nearly 
180", approximate solntions may be employed with adrantage. Tliese are generally 
found by meana of aeries. 

155. lit a spherical right triangle (the right angle being 0), given A and c, to find b 
We haTe 

taa b^oasA tan c (288) 



which is of the form in PI. Trig. (493), 
ajid (496) by patting x ^ b, y =^ c, p = 



md may therefore be deYelopel by (495) 



I'M 



and (405) and (496) become, [taking n = in (4a6J, and n = 1 in (496)], 

i= e — tan''J^sin2c + j tan'i^sinle — &c. (289) 

S=,r_Q_(.cot' J^ain2c— . Jeot'J4sin4c+ ^o. (290) 

If A is small, cos A is nearly equal to unity, and b exceeds c by a small quantity 
which is approximately found by one or more terms of tlie series (289). 

If j1 is nearly ISO", or eos-4 nearly ^ — 1, i eioeedsir— o by a small quantity, 
which is found by (290). 

For examples of the mode of oompntation, see PI. Trig. Art. 255. 

156. Altbongh these solutions are termed approximaie, it must not be inferred that 
tbey are less accurate in praotJee than the direct solution of (288) by the tables ; for 
tlie logaritlunie tables are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) mayinyolye a lees theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. In the examples of PI. Trig. Art. 255, the thousandths of a second were 
found with aocnracy, which oould not have been effected by a direct solution with 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment of approximate solutions 
in astronomy. 

167. If A and b are given, to find c, we hava 



which is reduced to PI, Trig. ( 



I, by putting k 



■a A, 



i + tan" J ^ sin £ J + J t^ 
-b ~ cof ^ ^ sin 2 i - i cc 



(201) 
(292) 
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242 SPHERICAL TRIGOXOMETRY. 

158. Similar solutiuas apply to the equationa of right trinngleB, 



tliB laatbeiug solved under the form 

tan (90° — B) = os c tin A 
We may also compute, in the same manner, the ausiliaries * and 3 in (122) and 
(13i), so ftequently employed in the aoludons of oblique triangles. 

159. In a Tight apAerical triangle, gieen c and A, to find a, when A is nearly 90°. 
We have 

sin o = sin ^ sin c (293) 

from which me deduce 

tan i(c-a} = tan^ (iS" - i A) tan H= + «) (29-*) 

Prom this we may find o — a, irliioh is supposed Tery araall, by successive approsi- 
mations. For a lirst appro si mation, let a = c in the seconci member, and find thence 
Hie yalne of c — a and of a ; for a second approximation substitute in the second 
member ttie value of a just found ; and so oa until two successire values agree as 
nearly as may be desired. 



Exuii 



Given A = 89°, c = 87° ; find 



Here 4o° — J j1 = 0" 30', and for the firs 


approslmation i (c + a) == 87". 






log tan J (C+..) 


1-28060 




log t,tf (46» _ S A) 


5-88172 






ar CO log sin 1" 


6'3144S 


J (c — n) = 230"-74 




logH"-«) 


2-47675 


a = 87° — 0' o9"-i8 = M" 50' 0"-52 








2.A„„,. 


3i> Appbox. 


4th Appeox. 


i (• + ") 


86= 55' 0" 


86° 55' 8" 


86° 65' 8"-17 


log l.n J (. + .) 


i-aeses 


1-26899 


1-26900 


kj '■»• ('"'° - * ^1 


1-19615 


1-19615 


1-19615 


l,s !('-«) 


2'46483 


2-46514 


2-4C515 


M"-«) 


291"-63 


291"-8S 


291"-84 




9' 43"'26 


9' 43"-6g 


9' 43"-68 


" 


86° 50' 16"- 74 


86= 50' 13" -34 


86° 50' 16"-S2 



The direct solution of (293) gives a = 
of a. second without tables of more than si 
blem, however, not ao nracli on account of 
of introducing the method of approilmat 
employed. 

The process here esplained may obviously be applied to any equation of the form 



.° 50' 16", but cannot give the fractions 
;n figure logs. We have given this pro- 
;s particular utility, as for the purpose 
1 to which it leads, and which is often 



when m is nearly equal to unity. 
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100. In a apherisal oblique Iriamjk, shin two sides and the imhded uni/lc, to jlnd thi 
elAer angles and side by aerUs. 

It a, b and C are the data, to find e, we have 



Substitudng half area, 

Vfhich is of tto form PI. Trig. (507), and may be developed by (508) by BUbstitutmg 
Bin J c for c, sin ^ a cos J * for a, and cos J o sin J i for b ; so ttat (508) beoomea 

To find A ftni B, we hive. 






ti<7 



Un [i ,- H-* + -0)1 - ( Sjl + L";,' ) '" i « 

I" B ' - i (-4 — «)] - (SrSSp) " » " 

Comparing these equations with PI. Trig. (403), and doTeJoping by (495), n ^ 0, 

i»_J(^+JJ) = !ti_Siii,ta(;4. (^^y fi^_fc. (236) 

If we develop by {406), we find 
J,_i(--l+JI)=-!04.("jii-?).mO-(;i-*-;) i^+to. (208) 

» '-H-*-^) — * "- (S: ) ■" "- (;-St1)" ^''- '"■ p») 

from wliieh a selection will be miiie in any particular oaao, aooordiag to the con- 
vergency of the series. The terma of the series are in aro, and mast be reduced ta 
Beconds, by dividing by Bin 1". 

Tiiia solution may be applied to the case where two angles and the included eid* 
Bre the data., by means of the polar triangle. 

161. To apreaa the area 0/ a ephertcal triangle in series. 

Companug (229) with PI. Trig. (500), and developing by (502), we find 

j £" = tan J o tan J i sin G~ i tan' i a tan" J 6 sin 2 C + &(l. (300) 
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182 IiEQENiiKE'a ThKOEEM. If (hi sides of a spherical triaRgU are very small co"i- 
parfd tciih the radial of the sphere, and a plaite triangle be formed lihoae sides are eqfal 
lo those of the spherical triangle, then each angle of the plane triangle is ejaal to the eorre- 
epondmg angle of the tpherical triangle inians one-third of the spherical exeese. 

Let a, h and c Ije the aides of the spherical triangle expresaod in arc, the radiua 
of the sphere being unitj ; and let A', B' and C be the angles of tlie plane triangle 
■whose aides are a, b and e. Then we haye, in tha spherical triangle, 

Substitute in the second member of this, Hie values of coa a, &o., in series, bj 
PI. Trig. (405) and (406), neglecting only powers above the fourth, yis. 
eoa<. = l-J^-+V,"* 

coa i = 1 - i i." + ;V ** sin i = i - J i' 

cos.^l-Jc^+s',.,:* Ein<: = .-ic- 

ire find 

= j (^' + ^° - O + ^ («■ -h^-c'- ^ b- e) 





* = [l~4(i'+0] 


Multipljlng the m 
terms of a higher o 


iraerator and denominator by 1 + i (6' + c=), and nej 
rder than the fourth, as before, we have 




•+5'_o'' , u' + i'+e" — 2o'6' — aa'c' — 2i'c'' 


cos = - 


2 be ' 24 i c 


which, bj Pi. Trig. 


(22S) and (239), becomes 




oosJ = 003^' — Jt.i;sin'^' 


Let A = A'-\-: 
PI, Trig. (38J, 


X, tben since x is small, we may put cos i = 1, eo tl 
cos A^-^osA'-x ain A' 
i = J&cain4' 


But iicain^' = 
ti'iaugle = K, ivhc 


area of the plane triangle = very nearly area of tlie sj 




x==^K A' = A — \K 


The same reason! 


ing applies to each of the other angles, ao that 



B = B~^K C = C — i K 

which proTes tha theorem. 

163. This theorem is applied in gcodetical surveying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1°. It is to 
be remembered that the sides are to be expressed in arc ; and if they are given in 
feet (for example), they moat be reduced to are by dividing by the radius in feet, 
or, wliioh is equiTalent, the area mast be divided by the square of this radius. If 
then r ^ radius of the earth in units of any kind, a, b and c the sides of the tri- 
angle in units of the same l^ind, aod !c the area of the plane triangle, we shall havij 
A' in seconds, by the equation 
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Wo hare k = ^ b 6 sin A, md the meiui lalao of r = 20888780 feet. Hence 
log* 5-2fi3G3 
log c 5'!9346 
li^gbiuA 9'87169 
at CO log 2 j-» siu 1" 0-87866 
K z= 5"04 log K '70224 

It 13 OTident that great accuracy in the value of r and of the other data is not 
required in computing K. We now have i K ^ l"-08, A' = 18° i' 30'' -67, and by 
Boiving the plane triangle with the data A', b and e, we find 

<i = 1405800 feet B' = 70= 12' 22"-19 C = 55° 4S' 7"-13 

Adding ^ .£" to each of these angles, the singles of the spherieal triangle are 

B = 76» 12' 28"-87 = 55° 43' 8"-81. 

For further details respecting geodetical trianglea, and for the methods of solving 
Bpheroidal triangles, special works upon geodesy must be consulted, STioh as 
Legendre'fl Aaalgse des Triangles tracSa sur la surface d'vne spkiroidc; Puissant's Trailt 
de 64od^sie ; Puissant's Nouvel etiai de trigonomitHe tpMroidigue ; Fischer's Lehrbueh 
dtr koheren Qeod&iie; various papers by Gauss, Bessel, &o. 

164. To solse a spherical Iriaiiffle v/ken two of tls sides are nearly 90°. 
If a and b are nearly 90°, e and C are nearly equal, and it will be expedient to 
compute the small quantity O — c by an approximate method. We have, by (25), 

.in- ! . _ ,W J (. + i) sm- i a + .In- J (. ~ i) «.• J 
ftDd by PI. Trig. 

,ln' i <;_ [.!«• !(•+!) + .o." J (« + J)] .In- | 
the difi'erense of which equations is 

Sinj (0+ «) sin ^ {C-c) = cos^ h(a-\~l) sin' J O- sin'J (" ~ 6)""^'* 

Let 

a' = 'J0° — a i' = 90° ~ i 

n' and J' being very small : also, since G and c are nearly equal, put 

then the above equatioa becomes 

Bin C sin i (C- () = sin' H«' + 6') ein' i C? - si-'M (»'-*') w«' i C- 
Dividing by sin C = 2 sin i C cob J C, and substituting the ares ^ {(7 — c), 
J (a' + 6'), J [a' — i'), for their sines, we find 

C - = = siu 1" [ (^-^')' tan i C - (^-^ )" cot I c] (301) 

which ia the required approiimate formula for the case when o', b' and C are given 
to find c. 
If a\ h' and c are given, to find C, we may exchange Cfor e in the second member, 

- , _ .In 1- [ (-+ '') ■ to } . - (^^)" "ot 1 .] (!02) 
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CHAPTER Vm. 

MiaCBLLANEOUS PKOBLEMS OF SPHERICAL TEiGONOMETRT. 

105. In a given spherical triangle, to find the perjiendicular from one of the angles i^on 
the opposite tide. 

Pig. 26. Denodng the perpendicular upon the Hide o (Fig. 25) 

by p, we have 

If the three aides or the tbree angles are given, we 
fiod by (48), or (51), and (303), 

.in,_|i_M, (.01, 

If we admit more than three parts of the triangle into the espresaion of p, ff« 
hare, by (55), (5G), and (303), 




C. Fig. 26, drawn from ttie pole of the small circlo 
A BG to either of tie angles. Let 

OAB= OBA = x 
then C=OOA+OCB=zOAO+01SO 
= A~x + B — x 
xz=l{A + B — C)=^S— 
putting 5 =H^ + -»+Cl. 

The triangle A OB being isosceles, the perpea-licalar 
O F bisects the side c, tlierefore if O ^ = .B, we have 




■. by (66), 



l»u } . ^ 


fni. 


2»mS».l- 





(307;. 



By applying the priuciplea of Art, 37, this will give the correaponding formnlie of 
P!. Trig. (285). 

167. From (65) and (66) we find 

cos (S—C) = — ooaScot^PootJi 
by whioh (806) is reduced to 



yGoosle 



MISCELLANEOUS PROBLEMS 
Also, by the last equation of (56), (30(i) Lctoines 



X68. Substituting m (SOB) for taa J c by (39), 

■^^ V.ooB(S— ^)o(is{S— i()ooa[S- 



169, Let the sides of the triangle ABC, Fig. 27, be pro- 
duced to meet ia A', B", and C ; and denote the mdii of 
the circles oiroumacrihed about A' B C, BA O, C'A B by 
R, R', R" respectively. Then if 2 S' denote the sum of 
the angles of A' B C, {A, B and C being the angles of 
ABC), J 

2S'=2a- — JJ — C + ^ 
S'— A' = -^~\{A-\.B-\.G) = -^—S 
go Ihat (806) applied taA'BC gives 






&c., by (39), or for cos Sby (60), 






tan K = 


cos {S~A) 2siui«cos^ioosje 
JV ~ n 






tan R" = 


cos (S-B) 2 cos } fl sin J J cos J e 




(812) 


N ' n 


W" 


cos {S-C) 2c09 Jocos Jisin JB 








JV 




170. Combining (810) with (312), we find the relation 




00 


t fi cot R cot ii" cot R" = N' 


(313) 


If this be multiplied sue 


easiToly by the squares of (310) and (312), t 


e obtain 


tan Ji 


cot R cot R' cot B"' = cos' S 






cotB 


tan .B' cot .B" cot R- = cos* (S — A) 






OOtS 


Ot ^' tan R- cot 5"' = cos' (5- — B) 




(814) 


cot B. cot R cot IV tan R" = cos> {S — C) 
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171. Again, from (310) and (312) we find 

— tan ^ + tan II' + tan E" + tan R'" 
c os S+ cos (S-A) + C03 (a'-a)+ cos (S-C) 



Ahence 

— tan ^ + tan R' + tan R" + 

We shall find in a similar manner 

tan R — tan S' + tan R" + tai 



^ ^ eo3 j (5 + (7) + 2 COS i ^ C03 H5 - g) 



nS + t, 



- tan if" -|- t[ 



S"- : 



ifi"' 



It is also easily shown that 
tan' H + tan* E' + tan' R" + tan' E'" 









if 




i 


»M 


mi 


B 


auJO 












4 


mlA 


o.j 


B 


-iff 






JV 






4 


mJJ 


mt 


Be 


o,iO 






ir 








2 + 2 


oa^ 


00. 


ifooaC 



JV". 



(317) 



172. To find ihe radius of ths circle inscribed in a given spherical triangle. 

Fig. B*. In Fig. 2&, boing the pole of the requited circle, 

draw 01", OP" and OF"' to tlie points of contact, and join 
OA, OB. We have 0/"'= OF'" and tie triangles 
, ^ Oi"' and J, Oi"' riglit^angleil at P" and J"'" ( hence 
sin P"' 




aOAF' ^ 



aAO ' 



= sia OAF"' 



therefore A F" == OA r", (for Tea cannot hare 

0^ P" !^ sr OA P"'], and tbe pole of tlie inserihed circle is oonseqnently found 

by the same construction as irapfarao, namely, by bisecting the angles of the triangle. 
If then we put a = J (a + i + c), and r ^ radius of the inaoribed circle, we 

AP- -i- B P- + OP' = A P'" + a = s, AT" = t — a 

and the right triangle A OP"" gives 

tan r = sin (.-a) tan M (8181 

corresponding with the formula of PI. Trig. (288). 
Substituting, in (318), the value of tan J A, 



'=J(^ 



;ituting, in (318), the value of sin (s — a) given by (68), 



if 



Also, by (51), we have iV = J si 



J .^ ooa ^ -B cos i C 
S sin (T sin a, which reduces (320) to 
nJSsiniC 
cosM 



(319) 
(320> 
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173, Let tile radii of the circles inscribed in tiie throo triangle 
CAB of Fig. 27, be r', r" and r"'. Then if s' dencte the half aura 

A-BC, we ta^e 

2s' = 2:T — l — r. + a 

10 that (318) applied to tlie three triangles, givaa 

tan !■■ = sin s tan J ^ 
tan r" =aiast!ia^B 
taa r'" = sin s tan J C 


A'SC. B'AC, 
of the sides of 

1 (B22) 


SubaUtntins in these tlie yaluea of taa J A, &.C., or of siu s. 




tan/ " - ^ 






sin(,-«) accaJJamiiisiniC 




. ^, " ^ 




(323) 


'""'' -s;n(.-6)^ 2siuJ^ocsii;sinJ(7 


... ^» " ^ 






-" ain (J — =) — 2 sin J J sin J iJ cos J (7 





0«}B 


«!" 


».J 




mJOc 


..M 


0..J 


J! 


"■M« 


o.iii 



174. The product of (: 



(s-i) 
n'(s-.) 



e find from {319} and (323), as in Art. 171, 
- cot r + oot r' + cot t" + cot ^" = 

cotr-cotr' + ootr"+cotr"' = 

ootr + Cotr'-cot/' + cotr"' = 

Dot r -|- Oct / + cot r" — cot t'" ^ 

cot'T+«ot'r'4-cot'r" + cot''j"'i= 



4 ,to J . 


,n}i 


icjo 


4 .to S . 


• sJS 


OS Jo 


4ml« 


l.iJ 


oa*c 


4 cos J a 003 i t Bia i 


2 — 3 cos 


OCOsi 


ooac 
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176. From (809) and (321), we find 

i^ = 4 sin J ^ sm J if dn J C C03 J a cos J i eoa J e (S28) 

Prom (307) and the first of (327), 

— cot r + cot (^ 4- cot r" + cot i"' = 2 tan ii (329) 

From (315) and (320), 

— . tan ^ + tan B! + tan R" + tan R'" = 3 cot r (330) 

and other similar relations are found by comparing (312) -with (327), and (81C) 
with (323). 

177. The following relations are also worth remacMng. 
If p is the perpendicular from C upon e, 

tan R si 



2 si 


ii.,lnJS 


.. 


00,1c 

,,Moo.Ji! 



sin J<? 

178. The pole qf the drcU imcribed m a spherical Mangle ts alio the pole of the ttrda 
tircamscribed about the polar IritoigU; and the radii of these circles are comploaente of each 

The aros bisecting the angles of a giyen triangle will eyidentlj hiaoot the sides 
of the polar triangle, and will be perpendicular to those sides respeotiTalj; tha 
common intersection of these arcs is therefore at once the pole of tlie circle in- 
scribed in the first and oircamseribed about the second. 

Agfun, if we join the angular points of the polar triangle with this common pole, 
the arcs tlius drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs = 90°, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obvious from the analytical expressions of the two 
radii. By means of it, we might have deduced ell the formulis for the inscribed 
from those for the circumscribed circle, or lice rersa. 

no. To find the arc joining the poles of the circles inscribed in, and circumscribed c^ut 
•iangU.* 

Let be the pole of the circumscribed circle. 
Fig. 29, and 0' that of the inscribed circle. Put 
00' = B; then 
oosi) = ocs^Ocos^O' + sinJOsin^O'cosOvlO' 
By Art. 108, we haTO OAB =z, S ~ 0, whence 
■B OAO- = S—C—iA = }{S~C) 

We have also 

sin O'P sin r 

tmAO' = gi^-^rjp = ^J2 

* Ilymer's Spherical Trigonometry 
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Sabstituting by (319), (307), and (44), 



aa+smi + 8inc 



•hence, jj (53), 



,(.^ 



by PI. Trig- (179), 



i^y 



= (eot I- + ton ii)» 
coa' n = cos' {£ — r) + cos" B sin> r 
Bin' D = sin' (ii — r) — oca' R sa^r (332) 

If the inscribed circle is inscribed in A!Ba, Fig. 27, and ita radiua = /. we 
have, b; & similar process, 

Bin' D = sm' {K + r') — COS* JJ Bin' ¥ {2V,Z) 

180. To find the eqailattral spherical triangle inscribed in a fjiien drefc. 

If .B ^ radius of the ^ven circle, and A ^ one of the angles of the equilateral 
triangle, ne hSTe, by (310), and PI. Trig. Art. 76, 



i'iE = - 



^'iA 



■^i^- 



*'M 



'HA 



rrhence coi J .1 = J d^^L-E ) <^^*' 

181. STj^mf (ie ffniia^era! spherical triangle nircamscrihei! about a given circle. 

If r ^ radina of fJie given circle, and a t= one of the sides of the triangle, we find 



-!. 



= J(TTi7-) 



B.5) 



182. Given the 




area of a .\p!i/rical iriangU, ii> find the locus of the verlez. 

Let a = the given base, and iT = area of ABC, Fig. 80. 
Prodnce AB and .^O to meet in A'. Let be the pole 
of the circle described about A'BC. The radius of this 
circle is given by the first equation of (311), which, by 
(224) becomes 



The second member of tliis equation, being constant for 
all ihe trinnglcs of the same base a, and the same area A', 
shows that fi'is also constant, and consequently, that the 
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point A is always found upon the circumference of the same small tirele A'BO. 
But A and A' being tlie estremities of the same diameter of the sphere, A is alai 
fjund upon a Bmall circle, equal and parallel to the circle A'BC. 

The perpendicular distance (p') of from the base BC,is found by tha equation 

, _ C03 If 

and the pole of the locus of ^ is in the same perpendicular, at a distance froia 



si« 



(837) 



The equations (336) and (337) determine the radius and position of the poie of the 
required locua, which may therefore be constnioted. 

This elegant propoailion is due to Lexell. 

183. To find the angh hetmeen the chords of two aides of a spherical iriimgle. 




In Fig, 31, being the oeuter of the circumaortbed circle, the angle between tna 
ahords of the sides -4C and 5i7 is half the spherical angle AOB. If, tliea, 
C, ^ angle between the chords of a and i 

COS C, = cos AOP = sin OAF cos AI' 
or, by Art. 166, cos (7, = sin(S— C) cos J c (8S8) 

By (72) this becomes 

cosC, = sin^«siniS + cosJocosn<iOBC (339) 

18i. The preceding problem is employed for geodetical triangles, in which C, 
differs very little from C, in which case it is expedient to compute the small differ- 
ence 0—C, = x. We easily reduce (339) to the following : 
,sJ(,»+i)sin^JC 

oos'K~«i"'K+2sin'i("+*)Bin'i(7 
sin" i C, we have, 

; sin O = 2 sin J C COS J 



jsC, = cos Ha. 


-i)cos'iC— CO 


= eos'iC- 


-2^ii'i(a-b) 


Suhtracting cos 


C = COS" J C - 


^mi{C+C., 


)^mi(C-C,) = 


r approsimately, taking 




AniiC+0,) = 


ad a 


iin J (C- C.) = 


being expressed i 


n seconds. 
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MiSCELLANEOUS PROBLEMS. 



253 



rig. 32. 



(3^1) 



ISB ^ a great drclt (DE, Fig. 32) Muet As base of a spherical triangle it righi 
mffhs, any great circle (FGj. perptndicuUr to it, divider the sides {AC, BC) ialo leg- 
nmt) whose sines are proportional; that ie, 

sin FA : ain FC = sin OB : si 
i,Et P be the pole of ED. {DP = 90°), and 
FGF anj great eirolB drawn througb P, and 
therefore perpenilicular to DE. Then, since 

PB -\- PA '^ 2 PD ■= 180° 
wo have, by (3). 

Bin F sin FA = sin P ua FA = uaP ain PB . 

= sin G sin 6B 
sin F ain i^C = sin G sin GO 
whsnoe, hj division, the theorem (811). The an 
the base in plane triangles. 

186. r/tvio ares of great circles, (AB, CD, Fig. 3 
the products of the tangents of the semi-segments are 

t&niAEtaiiiEB = taaiCEUniED 

Let P be the pole of the circle DACB. Join FE 
and draw the perpendioulars I'F, PG, bisecting the 
BTcs AB and CD. Then we have 




s analogous to the parallel ti 



{34:L) 



IS IE 



■iPE 



,sOE 




cos FE + cos FB cos GE + coa GD 
which, by PI. Trig. (110), gives (342). 

187. If three arcs be drarni from the angles of a spherical triangle through the same 
paint, to med the opposite sides, the products of the sines of the alternate segments of the sides 





Multiplying these equations together, the product of the second members is unity, 
whence (343). 

Thn same property is easily extended t< 

188. It follows, that when three arcs a 
Batisfy the condition (843), they mnat intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
eides are bisected ; when the three ares are drawn from the angles to the points uf 
W 
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